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Abstract

Field testing of laterally loaded single piles and group of piles in natural sandy
gravels is presented. Testing is performed on monotonically loaded single pile,
cyclicly loaded single pile, group of 2 by 1 piles monotonically loaded and group
of 2 by 3 piles monotonically loaded. During the field testing, pile deflections
were measured using inclinometer probe, which was placed in inclinometer cas-
ings installed in pile axis. Tests are performed for establishment of pile be-
haviour in natural sandy gravels and to try to depict the influence of dilatancy, in
this type of soil material. Soil is tested in large direct shear box in order to obtain
strength parameters needed for calculation of p-y curves proposed by Reese
and Van Impe and for numerical analysis, by using simple Mohr-Coulomb and
Drucker-Prager constitutive models.

Piles are loaded with hydraulic press, counter-bracing the massive concrete
block, which will transfer the load on a steel frame and pile heads thus pulling
the piles away from concrete block. Performed tests can be described as dis-
placement control tests. Piles are displaced in increments of 2mm while the
force on hydraulic press will be read out for each increment.

Measured results are compared with results of numerical analyses performed
using Rocscience RS3 software package. Pile and soil material are described
using Mohr-Coulomb constitutive material using associated and non-associated
flow behaviours for soil material.

Based on field tests and numerical analyses, the conclusions and further re-
search in the field of laterally loaded piles in coarse-grain material are pre-

sented.






Sazetak

U radu su prikazana terenska ispitivanja na horizontalo optere¢enim pilotima
izvedenim u prirodnim pjeskovitim Sljuncima. Ispitivanja su provedena na jed-
nom monotono opterecenom pilotu, jednom cikliCki optere¢enom pilotu, grupi
od dva monotono optereéena pilota u nizu (dva reda i jedan stupac) i grupi od
Sest monotono opterecenih pilota (dva reda i tri stupca). Tijekom ispitivanja
deformacije pilota mjerene su inklinometarskom sondom, koja se upustala u
inklinometarsku cijev izvedenu kroz uzduznu os pilota. Ispitivanja su provedena
kako bi se dobio uvid u ponasanje pilota u prirodnim pjeskovitim $ljuncima te
da li na ponasanje utjeCe dilatancija, u ovakvom materijalu. Materijal je ispi-
tan smicanjem u velikom aparatu za izravan posmik kako bi se dobili parametri
¢vrstoc¢e potrebni za proracun p-y krivulja prema Reesu i Van Impeu, ali i za
primjenu numerickog modela, koristenjem konstitutivnih modela prema Mohr-
Coulombu ili Drucker-Prageru.

Piloti su optereceni hidrauliCkom preSom, razuprtom o masivni betonski blok, te
prenoseci optereéenje na glave pilota ¢ime se piloti pomicu od betonskog bloka.
Ispitivanja se mogu okarakterizirati kao ispitivanja s kontroliranim pomakom. Pi-
loti su pomicani u inkrementima od 2mm, a sila na presi se oCitavala za svaki
inkrement.

Dobiveni rezultati mjerenjem usporedeni su s rezultatima numerickih analiza do-
bivenih koristenjem Rocsceience programskog paketa RS3. Pilot i materijal tla
opisani su Mohr-Coulombovim konstitutivnim zakonom uz koristenje pridruzenog
i nepridruzenog te€enja kod opisivanja ponasanja tla.

Na osnovu in-situ ispitanih pilota i provedenih numerickih analiza dani su za-
kljuCci te preporuke za daljnja istrazivanja o ponasanju horizontalno optereéenih

pilota u krupnozrnatim materijalima.
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Symbols

d pile diameter m
fur  flexibility coefficient for displacements due to horizontal force  m/kN

fuv  flexibility coefficient for displacements due to bending moment 1/kN

forr  flexibility coefficient for rotations due to horizontal force rads/kN
forr  flexibility coefficient for rotations due to bending moment rads/kNm
k, k,, modulus of subgrade reaction kN/m?
ko coefficient of lateral earth pressure at rest

ko=1—sin¢
ke coefficient of active earth pressure according to Rankine

ko = tan?(45° — £)
kr, coefficient of horizontal subgrade reaction kN/m?
k, coefficient of passive earth pressure according to Rankine
k, = tan®(45° + %)
kg coefficent of earth pressure along the side of the pile group
ks = (1 — sin ¢) tan ¢
m slope of the line between points defined by ultimate soil

resistance above and below water

n exponential of parabolic part of p-y curve

P parabolic part of p-y curve

DPrm ultimate soil resistance for depth below water kPa
Dst ultimate resistance of the soil at some depth D kPa
Dsd ultimate resistance of the soil at grater depth kPa
Dult ultimate soil resistance for depth above water kPa

Xix



Symbols XX
G uniaxial compressive strength kPa
ugr,  horizontal displacement of pile head at ground level m
Yk starting part of p-y curve m
A dimensionless coefficient for ultimate resistance
B dimensionless coefficient for ultimate resistance
C. coefficient of gradation
Cu coefficient of uniformity
D pile diameter m
E Young’s modulus of pile material kPa
E, Young’s modulus of soil material kPa
H horizontal force at the pile head kN
I moment of inertia m?
Kpgrs coefficient of flexural rigidity

Krs = 225
L length of pile m
Loy effective length of pile m
M bending moment at the pile head kNm
Qr, ultimate lateral force for rigid pile kN
Qr,; ultimate lateral force for flexible pile kN
v unit weight of the soil kN/m?
0] angle of soil friction degrees °
(0 angle of soil dilatancy degrees °
Ocr, rotation of pile head at the ground level rads
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Chapter 1

Introduction

1.1 Short introduction to the Thesis

The use of shallow foundation in geotechnical engineering as a foundation solu-
tion is often impossible because of low bearing capacity and high soil deforma-
bility in near surface area. The alternative is to use some type of deep foun-
dation construction. One of the types of foundation that transfers high stresses
into deeper layers of soil continuum is pile foundation. Pile foundation is often
described as a column like construction embedded in soil that transfers axial
force from buildings to a soil with higher bearing capacity and lower deformabil-
ity, achieving higher load capacity and bridging the high deformability soil. But
because of the wind, earthquake and water waves on various constructions,
piles are also subjected to horizontal, or lateral, forces. So, to fully determine
the load capacity of a pile it is necessary to take into consideration the lateral
behaviour of a pile, as well as lateral capacity.

Lateral testing of piles started in the 1960-es and was further tested in 1970-es.
The theory of laterally loaded piles (herein LLP) is based on analytical theory
of a beam on elastic foundation (herein BEF) [1]. Based on BEF, Poulous [2, 3]
used finite difference method (herein FDM) to solve differential equation of the
LLP balance and with that established the procedure how to use simple elastic
analysis to obtain displacements of a laterally loaded pile. Two of the most sig-
nificant papers are Reese et al. [4] and Cox et al. [5]. Based on these papers
authors were suggesting the use of p - y curves as a procedure to dimensioning
piles that will be subjected to lateral forces. The p-y curves are describing the
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Chapter 1. Introduction 2

non-linear behaviour of soil resistance p versus pile displacement y. Based on
tests conducted by Reese et al. [4] and Cox et al. [5], they developed equations
for determining p - y curves for both clays and sands [6]. With development
of technology and computers, the use of more advanced numerical methods,
such as finite element method ( herein FEM), are started to be used. Modelling
a non-linear behaviour of soil and construction is becoming widely used. Basic
Winkler’s soil model is replaced with continuum and elastic - plastic soil models,
like Mohr - Coulomb and Drucker - Prager models [7, 8].

Some of the authors used the possibility to model an interaction between piles
and soil [9, 10, 11] which gave an insight into better understanding what is the
soil-structure interaction (herein SSI) behaviour. Because of that, and the fact
that the field testing is expensive, FEM is starting to be more and more used
for determining p - y curves. The use of numerical modelling in two dimensions
was widely spread but it couldn’t capture the proper behaviour of an out-of-plane
behaviour of pile, as it mentioned by Bragdbaek et al. [12]. To fully emphasize
the behaviour of pile and piles group, the full numerical analysis is necessary,
which means the use of three dimensional modelling. Three dimensional mod-
elling gives the opportunity to model group behaviour of LLP and their mutual
interaction. Some minor disadvantages of three dimensional analysis are time
and computer memory consuming. Some of authors like Koojiman [13] and
Pavlovec [14] are modelling only the ground level, because at that point the soil
will yield relatively quickly at small displacements. Present day, the high perfor-
mance computers are giving us the possibility to conduct any kind of analysis
very quickly, using two or three dimensional continuum model, and linear or
non-linear material behaviour [8, 10, 11, 15].

Until now, simple constitutive models have been used. It is advisable to use
constitutive models that can fully describe the behaviour of soil subjected to
lateral pile loading. Two of the most widely used constitutive models, the Mohr-
Coulomb model and Drucker-Prager model, could have a problem with describ-
ing real behaviour, especially if the volumetric behaviour of soil, like dilatancy,
has significant influence. Fan et al. [16] showed that neglecting dilatancy be-
haviour of a soil material could have the increase of 50% in ultimate pile resis-
tance, which is not neglectful.

Pile itself can be modelled as a continuum, and as beam elements. Very often
it's modelled as continuum model [11, 17]. When using beam theory to rep-
resent a pile behaviour then the Euler-Bernoulli’'s theory beam is mostly used
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[2, 6]. Using the Euler-Bernoulli’s beam theory, the influence of shear force
is neglected and the displacements can be smaller than the real ones, espe-
cially for large diameter piles. To cope with that issue, it is better to use Timo-
shenko’s beam theory [18, 19]. Unlike Euler-Bernoulli’s beam theory which has
an assumption that after deformation, plane cross-section does not rotate, Tim-
oshenko’s beam theory takes into account that rotation which results additional
shear forces and thus deformation.

1.2 Content of Thesis

The content of this Thesis can be divided into three parts. The first part is the
theory part, showing the basic principles of laterally loaded piles and way of
solving them. Chapter 2 Previous research of LLP and Chapter 3 Basic theory
of laterally loaded piles behaviour in cohesionless soils are dealing with previous
research regarding laterally loaded piles behaviour and basic theory of beam on
elastic half-space, respectively. The laterally loaded piles field test planning and
construction are presented in the second part of the Thesis, so as the results
of performed field testing. In Chapter 4 Geotechnical test site characterization
the location of field testing is described, and in Chapter 5 Experimental pro-
gramme establishment of testing field is presented; how the piles and concrete
counterweight block were constructed, and how the measurements using incli-
nometer probe were carried out during the testing. Chapter 6 Field test results
presents results and analyses derived from the measurement results of test-
ing of the mentioned piles. The third part of the Thesis consists of numerical
comparison with field tests. Three dimensional numerical analysis is used and
compared with field tests, which is presented in Chapter 7 Back analysis of LLP
behaviour using FEM. In Chapter 8 Conclusions, short summary of presented
research with commented results and ideas for further research are presented.
Brief introduction in The Cesaro Sum-Technique, Loading Frame Joint Connec-
tions and Elements Calculation, Seismic refraction and Multichannel analysis of
surface waves (MASW) are presented in research Appendices.
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1.3 Hypothesis

Based on some preliminary research, the soil at the location of testing field is
characterised as very dense natural sandy gravels. Due to previous large com-
paction during the shearing the cohesionless material can show the behaviour
of dilatancy, which can be described as an increase in volume due to soil parti-
cles rearrangements. Because of dilatancy in soil, some additional strains may
occur leading to larger ultimate load of laterally loaded pile. From this basic
assumptions, the hypothesis can be defined as: piles in natural sandy grav-
els exposed to lateral loads would show some influence of dilatancy in their
behaviour.



Chapter 2
Previous research of LLP

This chapter consists of an overview of some previous studies in which testing
of laterally loaded piles were conducted. Cited papers are dealing with slender
piles embedded in cohesionless soil, while pile material varies from study to
study. Piles were constructed as a free-headed piles, and they are tested with
applying of monotonic lateral loads, although there are some studies that anal-
yses cyclic lateral loading of piles.

Chapter is divided into two sections. In the first section, studies regarding re-
search on single piles have been analysed, while in the second section, group
of piles behaviour has been analysed. These sections are divided into subsec-
tions dealing with field testing and numerical testing of a single pile and group
of piles to distinguish the behaviour of single pile and group of piles.

2.1 Research of a single pile behaviour

Within this section, researches conducted on single pile are presented. As men-
tioned in chapter introduction, this section is separated into two subsections; the
first one dealing with physical testing of piles, and the second one dealing with
numerical modelling of piles behaviour.
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2.1.1 Physical testing of a single pile

Physical testing of piles can be time and money consuming, but if it is planned
wisely, it can provide accurate behaviour of piles in tested soil material.

2.1.1.1 Analysis conducted by Patra and Pise (2001)

Patra and Pise [20] performed analysis and comparison of laterally loaded piles
to obtain ultimate horizontal force. Ultimate horizontal, or lateral, force is max-
imum force that the soil - structure can take before yielding. Tests were per-
formed in laboratory. The tests were conducted on single piles and various
arrangements of group of piles in sand. Piles were made of aluminium, with
diameter of 19 mm and wall thickness of 0.81 mm. Piles were embedded into
sand for 23 cm and 72 cm. Tested length-to-diameter values were 12 and 38
and axial spacing of piles was from 3 to 6 pile’s diameter. Sand was assumed
to have loose relative density with friction angle 20° and medium relative den-
sity with friction angle 31°. Analytical expression has been proposed to predict
ultimate lateral capacity (herein ULC) of a single pile and group of piles. The
authors have taken into consideration equation that was presented by Meyer-
hof et al. [21] for ULC and modified it with following considerations taken into
account:

e passive earth pressure on the front face was determined according to
Kerisel and Absi [22],

e Active earth pressure is neglected,

e Passive earth pressure at the failure was taken as for the wall multiplying
it by a constant shape factor 3 [23].

Equations (2.1) and (2.2) show the expressions for ultimate lateral capacity for
rigid and flexible free headed pile, respectively.

Qry=3-012-7-d- L%,k (2.2)
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From the performed tests and analysis, author gave the following conclusions ':

1. ULC goes along with author’s predicted values based on equations (2.1)
and (2.2),

2. Method suggested by Meyerhof et at. [21] is applicable to spacings from 3
- 4 pile diameter and has limitations regarding the values of friction angle,

3. ULC of a group of piles depends on length-to-diameter ratio, friction angle,
group geometry, spacings within the group of piles and material density,

4. p -y curves are non-linear,

5. Observed displacements at ultimate load were (0.1 — 0.4)d for L/d = 12
and (0.35 — 0.6)d for L/d = 38,

6. Ultimate resistance per pile increases with an increasing in piles spacing,

7. Group efficiency increases with an increasing in piles spacing.

2.1.2 Numerical analysis of a single pile

Within this subsection, numerical analyses of laterally loaded single pile per-
formed by some researchers are presented. Numerical analysis can give an
insight how the pile would perform under lateral loading, but without accurate
soil model, the pile-soil interaction behaviour cannot be modelled properly.

2.1.2.1 Analysis conducted by Brown and Shie (1990)

Brown and Shie [11], performed three dimensional numerical analysis of a sin-
gle pile. Two types of soil were modelled, clay and sand. For the purpose of
this Thesis, everything that follows is based on the results for sands. For the
sand soil model, the extended Drucker - Prager non-associated criterion was
used along the elements that modelled sliding and gaping. The idea was to ob-
tain an insight of deformation patterns and the development of areas of plastic
deformations that analytical elastic models couldn’t obtain. Authors gave the
following observations:

'Conclusions are mostly regarded to group of piles
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1. Using the three-dimensional model, the nature of a problem can fully be
modelled,

2. Development of yield zones at the ground surface and the distribution of
soil resistance with depth can be calculated,

3. Modelling a soil non-linearity gives an insight how the soil would response
and how the yield would occur near the ground surface at relatively small
displacements,

4. The zone of yielding propagates laterally and deeply with increasing of
pile diameter,

5. The use of friction elements that provide slippage and gaping can enable
modelling of the stresses distribution from the pile to the soil,

6. Pattern of soil shear strength with depth is influenced by the confining
pressure as well as the geometry of pile.

2.1.2.2 Analysis conducted by Yang and Jeremi¢ (2002)

Yang and Jeremi¢ [7] conducted numerical analyses using finite element method
on single laterally loaded pile in elastic-plastic soil model. Pile behaviour was
tested in uniform sand, clay and layered soil deposits. Based on the results ob-
tained form numerical analysis authors developed p - y curves and compared
them with p - y curves obtained by McVay et al. [24] and Reese et al. [4]. As
a soil model, the Drucker - Prager model was used with non-associated flow
rule. Young’s modulus was assumed to vary with depth. Frictional elements
were also used to simulate interaction of pile and soil. Pile was modelled to be
made of aluminium, squared shape with 0.429 m in width and about 12 m long
with 11.3 m embedded in the soil. The authors concluded that the use of three
dimensional finite element model, with the use of very simple constitutive soll
model can give good approximation of laterally loaded pile behaviour.

2.1.2.3 Analysis conducted by Fan and Long (2005)

Study of Fan and Long [16] gives the insight into advantages of performing three
dimensional analysis in comparison to some other techniques for determining



Chapter 2. Previous Research 9

pile behaviour under lateral loads. They classified existing methods of analysing
pile behaviour into five categories and linked them with studies in which anal-
yses of pile behaviour were carried out. These categories of LLP analyses
itself are [16]: (i) Limit state method, (ii) Subgrade reaction method, (iii) p-y
method, (iv) Elasticity method and (v) Finite element method.

Authors stated that stress-strain behaviour in cohesionless soil is affected by
development of stress paths. It is important to identify and quantify the stress
paths state in the soil around the piles.

In the numerical analysis, soil was assumed to be sand and it was modelled
using the simple constitutive model defined by Desai et al. [25] with the internal
friction of 39° and unit weight of 19 £N/m?3. Pile was modelled as a structural
tube element with flexural rigidity El of 1.71 - 10°4Nm?, with outside diameter
of 0.61 m and thickness of 9.53 mm. Length of a pile was 21 m. Everything
(soil and pile properties, results, etc.) regarding the soil and pile is based on
the research made by Reese et al. [4]. Based on result of performed numerical
analysis authors gave the following conclusions:

1. Stress concentration is formed in zone from 3-5 pile diameters in depth in
the direction of pile loading. This part of a pile is the most important part
for lateral capacity,

2. Stress path for the soil element directly in front of a pile is close to triaxial
compression conditions with increasing of radial stress, and point between
front and edge of a pile has stress path similar to conventional triaxial
compression test, while the pile edge stress is behaving like in simple
shear condition,

3. The p-y curves are not sensitive to the pile stiffness, which supports the
assumption of p-y method,

4. The ultimate soil resistance is non-linear at any depth and it is not directly
proportional to the pile diameter,

5. Initial stiffness of p-y curves increases with the coefficient of horizontal
earth pressure, kq, and it can be grater for materials with higher values of
ko coefficient,
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6. The dilatancy has a significant effect on the mobilisation of ultimate soil re-
sistance. USR can significantly increase with soil dilatancy even if strength
of the soil is constant.

2.1.2.4 Analysis conducted by Mardfekri et al. (2013)

Mardfekri et al. [17] performed analyses of a single pile, taking into account non-
linear soil-pile interaction and the results compared with some simpler analyses,
like the analyses performed by Blaney et al. [26], Kausel [27] and Briaud [28].
Unlike some other authors [7, 10], Mardfekri et al. [17] modelled pile and soil
using solid elements. Authors also modelled interaction between soil and pile
using interface elements. Numerical analysis was performed for clay and sand.
The following conclusions came out from the analyses:

1. Deflection of pile head is not only in relation with pile stiffness; it also
depends on pile diameter,

2. Modelling of a pile using beam elements results in smaller contribution of
the surrounding soil to the lateral stiffness, and an increasing up to 200 %
in the maximum displacement of pile head.

2.2 Research of group of piles behaviour

Although the field testing is very expensive, some of the researches performed
physical testing of laterally loaded group of piles. Numerical modelling is not
fully able to caption the behaviour of materials when they are loaded in the field.
Beside field test of group of piles, it is common to perform test of a single pile in
the same field in order to compare the measured results of group of piles with
the measured results of the single pile.
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2.2.1 Physical testing of a group of piles
2.2.1.1 Analysis conducted by Parakash (1962)

Prakash [29] conducted tests in laboratory on cylinders made of aluminium.
Outer diameter was 13 mm, thickness 0.89 mm and length 760 mm. Material in
which piles were tested has been described as loose and dense sands. Axial
distance of a pile to pile was 2 - 8 pile diameters with free head. Conclusions
produced from that study are:

1. Efficiency of piles in line is equal to one if axial distance among the piles
are equal or larger than 8 pile diameters,

2. Efficiency of sided piles is equal to one if axial distance among piles are
equal or larger than 3 pile diameters.

2.2.1.2 Analysis conducted by Schmit (1981,1985)

Field tests were conducted by Schmit [30, 31] on a piles 1.2 m in diameter made
of concrete. Two series of tests were performed each one having different depth
of a pile. In first tests the depth was 16 m while in second depths were 28 m
[30] and 8.5 m [31]. Field test were performed on piles in line with different axial
distance (1.33 and 2.42 pile diameters). Material in which piles were embedded
is described as a weathered granite type of rock. Based on results of described
tests, Schmit proposed following conclusions:

1. Efficiency of group of piles should be calculated based on individual con-
ditions in a field and axial distance of piles, including pile characteristics,

2. Effects of group of piles are not so high as some methods shown (shad-
owing effects), referred by author,

3. Effect of a pile in group dissipates when the axial distance from pile to pile
is equal or bigger than 3 times diameter of pile,

4. With axial distance between piles bigger than three diameters, leading
piles are behaving as a single pile. Efficiency of group of piles is then
determined by trailing piles,
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5. Because of a fixed-head, displacements are the same for all the piles, and
consequently bending moments are more or less the same for all the piles.

2.2.1.3 Analysis conducted by Franke (1988)

Franke [32] conducted his tests in laboratory, in a box filled with sand. Spacing
of piles was in square shape with distance from axis from 2 - 6 pile diameter. Pile
material has not been mentioned. Test on a single pile as a reference test has
not been conducted. Instead of that, author assumed that the piles in first row
of piles (piles in leading row) are behaving like single piles. Piles were tested
in sands with different relative density (from 58 - 88%). Some conclusions that
author came up with from results of the tests are:

1. Leading pile of group of piles is behaving as a single pile,

2. The relationship of load between trailed pile, in line of a piles, and a load
of leading pile can be approximated with a line in a s/b - p,,, plane, where
s is axial distance, b is pile diameter and p,), is the relation of ultimate force
of trailing and leading row of group of piles

3. Loads on side piles is not varying that much within the group. Efficiency
of those piles are equal to single pile if axial distance from pile to pile is
equal or bigger than 3 diameters.

2.2.1.4 Analysis conducted by Brown et al. (1988)

Brown et al. [33] tested a group of piles made of steel tube in a 3 by 3 group
formation (three rows of piles in three columns). Piles were tested under mono-
tonic and cyclic loading. Piles were made of steel tubes with outside diameter
of 27.3 cm and wall thickness of 9.27 mm. The length of piles was 9 m and were
embeded in sand with relative density of 50% from 0 to 3 m and underlined with
a clay from 3 to 9 m depth. Measuring instruments were installed inside pile
which provided measuring data.

The following conclusions were given by authors for monotonic type of loading:

1. Deflection of group of piles was significantly bigger than a single pile for
equivalent load per pile,
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FIGURE 2.1: "Shadowing" effect of pile group [34]

2. The reduced efficiency of a group of piles was mainly caused by "shadow-
ing" (figure 2.1),

3. Bending curves of the piles in a leading row are similar as a curve of an
isolated single pile.

2.2.1.5 Analysis conducted by Shibata et al. (1989)

Shibata et al. [35] conducted two series of testing in laboratory on piles made
of aluminium, diameters of 20mm and 22mm and length of 800mm. Rotation
of a pile head was possible (free head). Tests were performed on piles in line
and group of piles with axial distance form 2, 2.5 and 5 pile diameters. Single
pile test was performed as well. Piles were embedded in sand with void ratio
0.76 and water content 3.1 %. Based on described results, authors gave the
following conclusions:

1. For test conducted on squared shaped group of piles, results showed that
axial distance from pile to pile is 3 pile diameters when the piles in the
group start to behave as a single piles,

2. For test conducted on a piles in line, piles start to behave as single piles
after it’s axial distance is 5 pile diameters.
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2.2.1.6 Analysis conducted by McVay et al. (1995)

McVay et al. [24] performed detailed centrifuge analysis of LLP in loose (D, =
33%) and medium dense sands (D, = 55%) on 3 by 3 group of piles with an axial
spacing of 3 and 5 pile diameters. Piles were made of aluminium 430 mm long
and 13 mm in diameter with wall thickness of 0.4 mm. All tests were performed
on free headed piles. Results were compared with tests performed by Reese et
al. [4]. The conclusions obtained from the tests results are:

1. Percentage of load carried by an individual row did not change with soil
density,

2. "p-multiplier"? is independent of soil density,

3. Efficiency of piles spaced at 3 pile diameters is smaller than 5 pile diame-
ters,

4. In the tests on 3 pile diameters spacing, leading row had more than 40%
of total load on itself, medium row 32% and trailed row 27%. Total load
distribution is influenced on soil density,

5. In the tests on 5 pile diameters spacing, leading load was loaded with
36%, medium row by 33% and trailing row by 31% of total load, for loose
and dense sand which means that the load on the group of piles is more
or less evenly distributed on pile rows.

2.2.1.7 Analysis conducted by Rollins et al. (2005)

Rollins et al. [36] performed full scaled tests of a 3 by 3 group of piles with
axial distance of 3.3 pile diameters. Piles were embedded in loose to medium
sands underlay with clay. Piles were made of steel tubes, 0.342 m in diameter
with thickness of 9.5 mm and length of 11.5 m. Single pile test has been also
conducted. Based on test results, and test results performed by Ashford and
Rollins [37], authors gave the following conclusions:

2"o-multiplier" is the ratio between ultimate soil resistance of a pile in group of piles with
regards to the single pile for test conducted in same manner in same material
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1. Group efficiency significantly reduced lateral resistance, which was also
consistently lower for middle piles within each row,

2. Trailing rows carried less load then leading row,

3. Lateral resistance was found to be a function of both row locations and a
position of a pile within each row. Leading piles were carrying largest load
than trailing piles. Outer piles carried 20 - 40 % grater loads then middle
piles.

Authors are assuming that observed results are caused due to interaction of
wider failure wedges for adjacent piles in sands.

2.2.2 Numerical analysis of a group of piles
2.2.2.1 Analysis conducted by Brown and Shie (1990)

Brown and Shie [10] performed numerical 3D analysis of a LLP group of piles
in one or two rows with axial distance of 10 pile diameters. Soil was modelled
as the extended Drucer-Prager material, while piles were modelled as a linear
elastic material. Stiffness of elements which simulate piles was calculated from
real stiffness of a pile material. Frictional elements were used to simulate slip-
page and gaping. Details regarding the model are presented in paper by Brown
and Shie [11]. Conclusions that arose from numerical analyses are:

1. The influence of spacing is small for spacings of 3 pile diameters and
larger in a single row of piles,

2. Soil resistance can increase by the effect of back row of piles which tend
to increase confinement of a soil in front of row of piles,

3. Group effect (shadowing effect) is most significantly influenced by row po-
sition,

4. Trailing row of piles are subjected to significantly less soil resistance com-
pared to the piles in leading row,

5. Group effect is significant to axial spacings of 3 pile diameters.
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2.2.2.2 Analysis conducted by Wakai et al. (1999)

Wakai et al. [8] conducted laboratory tests and numerical analysis of later-
ally loaded group of piles. Most of the numerical analyses were performed
as a three dimensional analysis on the group of piles. Group of 3 by 3 piles
was tested with an axial distance of 3 pile diameters. Analyses were per-
formed on both single and a group of piles. Piles in numerical model were
modelled as beam elements. Soil was modelled as a continuum element with
non-associative Mohr - Coulomb - Drucker - Prager criterion and interaction
between a pile and soil was modelled as a 3D joint element that could simu-
late friction induced by vertical pile displacement. Dilatancy was plugged into a
model. Based on results performed analyses, authors gave the following con-
clusions:

1. Load for a group of piles is less then a load for a single pile multiplied by
number of piles because of "shadowing" effect. Hence, the "shadowing"
effect in a group of piles is very significant,

2. Authors noticed that trailing row (last row of the group of piles) has a ten-
dency of vertical displacement. Because of that vertical resistance of pile
is also important for the evaluation of LLP behaviour,

3. Soil resistance for fixed head LLP are larger than for free head pile after
large deformations.



Chapter 3

Basic theory of laterally loaded
piles behaviour in cohesionless
soils

3.1 Governing differential equation

LLP can be analysed as an elastic beam foundation. Governing equation of an
beam on elastic foundation (3.1) can be found in any book regarding geotechni-
cal engineering [6, 38, 39]. The equation (3.1) consists of a part regarding the
behaviour of a beam, and the part that regards the soil. Formulation of equation
(3.1) can be depicted from Figure 3.1 as:

dy

EI. 27
dxt

—E,-y+q(x) =0 (3.1)

The part that includes the axial force is neglected because it has a small influ-
ence on lateral load and bending moments distribution in a pile.

It has been noted that there are some assumptions regarding the development
of differential equation for the beam elastic foundation and they are noted in the
following text, according to Reese and Van Impe [6].

e Pile is straight; there is no change in pile shape cross-section,

17
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FIGURE 3.1: Element of a beam on elastic foundation [6]

Loads and reactions lie in the pile longitudinal plane of symmetry,

Material is homogeneous and has isotropic behaviour,

The elastic limit of a pile material is not exceeded ,

Elastic modulus of pile is the same in tension and in compression,

Transversal displacements are negligible,

Loading of the pile is monotonic ,

Displacements due to shear stress are small, and could be neglected.

The closed form solution of differential equation (3.1) can be written in the
trigonometric form as the equation (3.2). The coefficients A,B,C and D can
be obtained from the boundary conditions plugged in the equation. Boundary
conditions for a pile loaded with the horizontal force at the top of the pile are:

eforr=0—-M=0

efore=L—->M=0
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eforr=0—sP=FandEl- 24— p

oz3

Equation (3.2) can then be reduced to the equation (3.3).
y(x) = e’ (A - cos Bz + Bsin fz) + e 7% (C - cos fz + Dsin ) (3.2)

_2.5.6—62
ok

©) - F - cos fx (3.3)

y()

k(z) - coefficient of subgrade reaction as a function of depth [k N/m?],
E - Young’s modulus of the beam material [k Pal,

I - coment of inertia [m?].

The parameter k(z) is called modulus of subgrade reaction [40] and it usually
varies with depth. That is usually true for cohesionless material while when
dealing with cohesive material, the modulus of subgrade reaction can be con-
stant.

Many researchers [40, 41, 42, 43, 44, 45, 46, 47] have investigated the mod-
ulus of subgrade reaction and it was found that the geometry, the foundation
dimensions and soil layers below the foundation structure are the most impor-
tant parameters which have influence on this modulus. Terzaghi made recom-
mendations how to obtain the modulus of subgrade reaction from 1 x 1 ft rigid
plate test placed on different soil layers [40]. The modulus of subgrade reac-
tion may be measured from different experiments such as the plate load test,
the oedometer test, the triaxial compression test and the California Bearing Ra-
tio (CBR) test. The ranges of values for the modulus of subgrade reaction for
typical soil groups are given in Table 3.1.

The above mentioned equations can be solved numerically using FDM and
FEM. The biggest advantages of numerical approximation is that it is possi-
ble to use the non-linearity in behaviour of both soil and pile materials. Soil
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TABLE 3.1: Range of values of modulus of subgrade reaction k; [38]
Soil ks [kN/m?]
Loose sand 4800 — 16000
Medium dense sand 9600 — 80000
Dense sand | 64000 — 128000
Clayey medium dense sand | 32000 — 80000
Silty medium dense sand | 24000 — 48000
Clayey soil:
qu < 200 kPa | 12000 — 24000
200 < ¢, <400 kPa | 24000 — 48000
q. > 400 kPa > 48000
(¢. = uniaxial compressive strength)

non-linearity is modelled as a non-linear dependency between displacement
and soil resistance usually presented by p-y curves.

Most of authors who are dealing with this problem, represented the soil as
spring with linear or non-linear behaviour that are placed in a node of beam
elements [38].

3.2 Analytical studies of soil-pile interaction

In this section a short overview of analytical methods used in analyses of LLP
will be presented. The presented methods are recently replaced with signifi-
cantly numerical methods and analyses but are still very useful for quick calcu-
lation of soil - pile interaction in geotechnical practice.

3.2.1 Winkler’s solution

Winkler’'s hypothesis [48] is that the soil is represented with the set of equally
spaced springs with defined stiffness. The stiffness is usually represented with
the modulus of subgrade reaction, k(z). The drawback of the hypothesis is that
only the springs in the contact of loaded foundation would be deformed. That is
good assessment regarding beam behaviour but it is not so good presentation
of the soil behaviour. Modulus of subgrade reaction can be determined from the
field test of LLP from the curves those show the soil resistance versus pile dis-
placement. The basic Winkler solution doesn’t involve the non-linear behaviour
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of spring but it could be easily done. Springs are usually placed in the nodes of
the beam. The shorter beam elements, influence on the approximation better,
especially if we compare results of an analytical foundation for linear - elastic
type of problem with the same type of problem solved numerically. One of the
simplest numerical procedure is to use FDM, which procedure is described in
[38], [2] and many other papers.

Another type of numerical procedure is FEM. Spring finite elements are placed
in the nodes of beam finite elements. It is essentially the similar procedure like
FDM but with different element formulation. Jagodnik et al. [19] presented a
mixed formulation of a beam on elastic foundation using Winkler’s assumption,
but instead placing the spring elements only in nodes, the elements are formu-
lated as the springs combined with the beam element. Authors compared the
basic types of beam elements, Euler-Bernoulli type with mixed formulation with
Timoshenko type of beam foundation and show that Timoshenko’s beam on
elastic foundation with mixed formulation gives the best results compared with
the true analytical solution for linear type problem. The formulation of mixed fi-
nite element and its application to pile modelling is given in Section 3.3 in detail.

3.2.2 Development of p - y curves for sand

Within this chapter, some basic features of p-y curves and procedure for de-
veloping p - y curves is going to be discussed. Procedure was developed by
Reese et al. [4] and it consists of nine steps for p-y curves of piles in sandy
material. After completing the procedure, the generated p - y curves can then
be compared either with curves obtained from measuring, or curves obtained
from other numerical analyses. As a result of the procedure it is possible to
obtain p - y curves as it presented on Figure 3.5. Procedure distinguishes dry
density and submerged density of soil. The whole procedure is presented in
Reese and Van Impe [6]. In this chapter the procedure for determining p - y
curves for monotonically loaded piles will be discussed.

Basic features of theoretical p-y curves are (Figure 3.2 ):

e from 0 to point (a) = the assumption of small deformation, hence be-
haviour is linear elastic,

e from point (a) to point (b) = non-linear behaviour of soil,
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p [kPa]

Yy [mm]

FIGURE 3.2: Theoretical p-y curve

e from (b) = full plastification of soil surrounding the pile.

The ultimate resistance of soil consists of two coupled mechanisms. The first
mechanism describes behaviour of pile at depth H. It is formed as a resultant
lateral force obtained from a difference between passive force, due to passive
wedge formed in a soil where Mohr - Coulomb criterion is reached on pas-
sive wedge planes, and active force obtained in Rankine condition (Figure 3.3).
The second mechanism is concerned below the ground level and it is obtained
from the stress condition in soil around the pile, Figure 3.4. Differentiating the
resultant force by depth, ultimate soil resistance for near ground and below
ground level can be obtained. Ultimate soil resistance for near ground and be-
low ground level are presented in the equations (3.4) and (3.5).

ko - ztan ¢ sin 3 tan 3 b
[ ton(p = @) -cosar * tan(A—9) " (34)

Pst =7 %

+z-tanf-tana) + ko - z-tanf - (tan¢ - sin f — tana) — k, - b

psdzka-b-v-z-(tanBB—l)+k0-b-7-ztan¢-tan46 (3.5)

Procedure for determining p-y curve is as follows:
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FIGURE 3.3: Passive wedge infront of a LLP [49]

1. Determination of internal friction angle of material, ¢, with a unit weight ~.
For unit weight use dry unit weight above the water table and submerged
unit weight below the water table,

2. Calculation of the following parameters:

¢

a:§;

B =45°4+a; kg = 1 — sin ¢; k, = tan? (45"—%);

3. Calculation of the ultimate soil resistance using the smaller of values ob-
tained from equations (3.4) and (3.5),

4. Calculation of the characteristic depth z; as an intersection of the equa-
tions (3.4) and (3.5). Equation (3.4) above the critical depth should be
used and equation (3.5) below critical depth should be used,
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FIGURE 3.5: Characteristic shape of p - y curves for sand, [6]
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5. Selecting the depth at which p - y curve should be calculated,

6. Determination of y, as a 22 and calculate p,; as:

Puit = As * Ps (36)

Parameter A, can be read out from diagram on Figure 3.6 and it is de-

pending on depth to diameter ratio.

7. Determination y,, as a % and calculate p,, as:

Pm = Bs * Ds (37)

Parameter B, can be read out from diagram on Figure 3.6 and it is de-

pending on depth to diameter ratio.

8. Calculation of the starting part of a curve:

p=Fkp -z Yk (3.8)

e} et
w= () 89)
py " %

The average values of k,, for sand can be found in Table 3.2 or 3.1.

9. Calculation of the parabolic part of p - y curve:

p=0C-yn (3.10)
Parabola has to be defined between points & and m:

e Determination the slope of a line between points m an u

m =L Pm (3.11)
Yu — Ym

e Calculation the exponent of parabolic part

P (3.12)
e Calculation the coefficient C":
c="m (3.13)
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TABLE 3.2: Average values of &, for sand [6]

Modulus of Relative density
subgrade reaction | Loose | Medium dense | Dense
kpy [MN/m?] 5.4 16.3 34

e Calculation of the displacement y;, in point k based on equation (3.9).

e Calculation a good amount of data points that fits the parabola using
the equation (3.10).

0 1 2 A3 0 1 2 B 3
0 '\\ T T 0 < = ;
% A, (CYCLIC)
1t 1k
1 A, (STATIC) B, (STATIC)
2F 2L
3t 3 i
4t ] 4
z Zos7= z I -
b b >5,A=0.88 b I >5, gc;ggs
S -~ 5t I ] - -
|
|
6 1 1 6 I 1

(a) Dimensionless coefficient A (b) Dimensionless coefficient B,

FIGURE 3.6: Dimensionless coeficients A and B, [6]

The previous described procedure is the basic procedure from which p-y curves
can be calculated. Another type of p-y curves development is based on hyper-
bolic behaviour of curves and it was established by APl [50] and DNV [51].
Equations (3.4) and (3.5) are represented with the coefficients C;, Cy and Cs
based on a internal friction angle of soil. Curves obtained using coefficients C1,
C5 and (5 are presented in Figure 3.7.

The ultimate soil resistance according to this method can be obtained using the
equation (3.14) [12].
Py = Min (

us — D)~

Pud = CsDyx
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FIGURE 3.7: Variation of the parameters C1, Cy and C3 as function of angle of
internal friction angle [12]

To describe relation between the soil resistance and pile deflection, the hyper-
bolic formula is used, as it shown in equation (3.15) , unlike piecewise formula-
tion previously proposed. The difference between these two proposed formula-
tion is shown in Figure 3.8.

kx
p(y) = A p,tanh <Apu) (3.15)
where A is defined as:
A= <3 —-0.8- %) < 0.9. (3.16)

3.2.3 Broms’ method

The method is devised by Broms [23] and it is mainly used in cohesive soils,
although it has a usage in cohesionless soils. It is formulated for both short and
long piles. In further text, the Broms’ findings will be limited only to cohesionless
soils and long piles.
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FIGURE 3.8: Difference between Reese’s and API's method [12]

According to Broms [23], the assumption made for short piles is that the ulti-
mate lateral resistance would be governed by passive earth pressure activated
along the pile. For long piles, the ultimate lateral resistance is governed by the
ultimate or yield resistance of pile. The ultimate lateral pressure at the failure of
pile can be safely estimated as a three times passive earth pressure according
to the Rankine’s condition.

Ultimate lateral resistance of soil-pile interaction is governed by ultimate lateral
resistance of surrounding soil and by resistance moment of the pile section. The
ultimate lateral resistance of long pile is found to be governed by the ultimate
bending resistance of the pile, according to Broms [23]. Failure models can be
seen in Figure 3.9. If it is not clear that the pile is short or long, then it should
be necessary to check the ultimate lateral resistance for short and long pile.

It is assumed that the pile is classified as a long pile. To calculate the ultimate
load, the yield moment of the pile should be calculated first. By dividing the
yield force with the &, - D? - v the x axis values at the diagram on Figure 3.10
will be obtained. By knowing the pile fixation and diameter to length ratio, the
ultimate load P,;; would be calculated.

Broms’ method can be used to approximate lateral deflection of a pile. Lateral
deflection is determined by the assumption of soil reaction varying linearly with
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the depth. By assuming the modulus of soil reaction as it is proposed in equa-
tion 3.17, the parameter for dimensionless length would be calculated based on
equation 3.18.

ny - 2

oy = (3.17)

where:

ki, -the modulus of horizontal subgrade reaction [kN/m?],
z - depth below the ground level [m],
ny, - coefficient that depends on relative density of soil [k N/m?],

D - pile diameter [m].

n= ¢ 2 (3.18)

After determinating the value n from equation 3.18, and multiplying n with the
length of the pile, the first parameter for ground level deflection is obtained. That
value is the x axis value on Figure 3.11. If the fixation condition and diameter
to length ratio are known then the ground deflection can be evaluated.

3.2.4 Pile in elastic continuum model

The solutions of pile behaviour in elastic continuum model, herein ECM, was
proposed by Mindlin [52] and was developed for a point force acting on a semi-
infinite elastic half space. Elastic continuum model was the one of starting
points in Poulos’ [2, 3] approach when he investigated laterally loaded piles
behaviour in elastic soil model. However, it has to be noted there are sev-
eral limitations on ECM. The main limitation is the assumption of homogeneous
isotropic elastic soil behaviour. It could be assumed that soil is behaving elas-
tically, but it is correct for only extremely small strains. In order to overcome
the above mentioned problem, Poulos [2, 3] adopted Mindlin’s solutions. That
allowed to vary the Young’s modulus with depth, and also to compensate the
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FIGURE 3.11: Ground level deflection based on Broms method, [23]

non-linear response of soil due to high pressures developed at the ground level.
Gazetas [53] stated that the soil response of laterally loaded piles and moments
in the pile are independent of their length, because the upper part of flexible
pile, which is called effective or active length, experiences significant deforma-
tion. The imposed load is transmitted to the surrounding soil in order of 5 to 10
pile diameters.

ECM is based on the elastic soil modulus, E,, which can be determined by
testing or estimated from guidelines presented by several authors [53, 54, 55].
Based on some previous testing, [54, 55], the best way to determine E, is from
results of back analyses of full scaled test.

The ECM equations presented later are those for three different soil distribu-
tions with depth as it is tabulated in Table 3.3. Also, these equations can be
used only for long and flexible piles, which are of interest in this Thesis. These
equations are based on the study of Davies and Budhu [54] for constant stiff-
ness distribution and for linearly increasing stiffness, [56], and Gazetas [53] for
three types of stiffness distribution through the depth of the pile. ECM is one of
the useful methods in analysing the pile-soil interaction by taking into account
the continuity of the soil model around the pile.
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In the first step of ECM, pile and soil are assumed to have elastic behaviour.
With that assumption, pile displacements at the ground level, u¢;, and pile ro-
tation at the ground level, 0, can be determinate from the equation (3.19) and
(3.20):

ugrL = quH —|— fu]MM (319)

Ocr = fouH + fourM (3.20)

where:

H - applied lateral load at a pile head [k N]

M - applied moment at a pile head [k Nm]
fums funr - flexibility coefficients for displacements of pile given in Table 3.3
for, forr - flexibility coefficients for rotations of pile given in Table 3.3

Total lateral displacement and rotation, u;.,; and 6., can be calculated using
the following equations (3.21) and (3.22):

H-13 M-I?
Utotal = 3E] + SE] + ugrL + Uy gL (3.21)
H-L? M-L
etotal == oF] + El + QGL (322)

where:

H - lateral force applied at the head of pile construction [k N],
M - lateral moment applied at the head ofpile construction [k Nm],
L - length of a pile [m],

E1I - flexural rigidity of a pile [k Nm?].
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The next step is to calculate the flexibility coefficients for the pile at the ground
level. These coefficients are available for various types of soil profiles. The
definitions of these types are summarised in Table 3.3. The components of the
pile stiffness at the ground level are defined by equation (3.23):

KHH KH]\/[ _ 1 f@M _fuM (3 23)
KMH KMM fOMqu_fUM2 _fGH qu .

where: Kyy, Kgn, Kyg and Ky, are pile stiffness matrix components at the

ground level. Equivalent unrestrained stiffness of a pile at ground level can be
determined using equations (3.24) and (3.25):

KuuKyy — K¥y,
K, = 3.24
" Kyy — eKgm ( )

KK — K?
Ky = —H2 MM - 2 HM (3.25)
Ky — KHM/e

To compensate the soil and pile, non-linearity is achieved by applying modi-
fication factors to elastic predictor as it was suggested by Davies and Budhu
[54]. Equations (3.26) give the pile head deflection, pile head rotation, maxi-
mum moment of the free headed pile with non-linear behaviour. The details of
the equations can be depicted in Table 3.3.

Uy = Ly - Ucr (3.26)
0, = Iy, - b1,

Mty = Iy - Mug

where: 1,,, Iy, and I, are yield influence factors.
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TABLE 3.3: Static response of single free-head piles for three different soil
distributions with depth, [57]
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FIGURE 3.12: Elements in continuum [58]

3.3 Finite element analyses

Finite element analysis, FEA, is a numerical procedure that uses mathematical
technique called finite element method, FEM, to solve partial differential equa-
tions, PDE. The analysed space is discretisized with points that are connected
with the finite number of elements, called finite elements (Figure 3.12).

There are many books that describe the procedures of the method, how does
it work, how can it be implemented, its’ linear and non-linear solutions [58, 59,
60, 61, 62, 63]. This section will be more focused on the use of FEM and FEA
from the geotechnical point of view, especially for the problem of laterally loaded
piles.

3.3.1 Basic features of FEM

In the structural and geotechnical engineering the main problem is to determine
stresses and displacements caused from the forces applied on the analysed
body. The nature of distribution of the effects in observed body depends on
force system and body characteristics. It can be also stated that three types
of balance equations should be defined: force equations, constitutive equations
and kinematic equations.
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Formulation of FEM can be divided in approximately eight steps, as mentioned
by Desai et al. [62]. These steps are:

1. Discretization and element configuration

This first step is discretization of the analysed domain with finite number
of nodes. Nodes are then connected with the finite number of elements,
called finite elements. With this step, number of finite elements, hence
nodes, are defined. By knowing what type of analyses would be per-
formed (1-dimensional, 2-dimensional or 3-dimensional), different shape
of those elements can be chosen. For each of finite element used in anal-
ysis, appropriate shape function that describes the behaviour of element
between two nodes has to be defined.

2. Selection of approximation model or functions
Definition of element shape function is one of the most important step in
finite element analysis. General displacement function in an element is
defined as a scalar product of node unknowns and shape functions, thus
making the shape functions essential variables for finite element accuracy.

3. Defining constitutive and kinematics relations

Basically, within this step the stress-strain and strain-displacement rela-
tionship should be defined. Depending on the type of an problem, the
constitutive matrix should be defined in this step. For the linear behaviour
of material, the procedure is very simple, but if the non-linearity is taken
into consideration, on the procedures tend to be more complicated. The
non-linearity problem in finite element analyses will be discussed in the
section later.

4. Deriving the element equations
This step is the second most important part in the finite element proce-
dure. Within this step, the element equations are defined either by using
energy methods or method of weighted residuals. The result of this step
is the stiffness matrix, in literature also known as K.

5. Assembling the elements and defining the boundary conditions
The elements of discretize body are assembled into the global stiffness
matrix K. The size of matrix is the same as it is the number of unknowns
and external forces. But by applying the boundary condition, the size of
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matrix can be reduced. Stiffness matrix after boundary conditions are
applied is sometimes known as constrained stiffness matrix K.

6. Solving the primary unknowns
In this step, the system of equations defined in previous step will be solved
using the system of equation defined as:

u=K"'R (3.27)

As it was said before, the primary unknowns are only displacements, dis-
placements and rotations, pressure etc.

7. Solution of the second unknowns
In this step usually the stresses and strains would be calculated using the
constitutive and kinematic equations and relations.

8. Interpretation of the results
The step is used for the presentation of the results calculated in previous
steps.

3.3.2 Constitutive models used in geotechnical engineering
related to the LLP modelling

Proper behaviour of soil is very hard to describe with any of well known consti-
tutive models. The best way to identify proper soil behaviour is to test the saill,
and try to find which constitutive model is the best to fit tested data. That is pos-
sible, but the number of parameters needed to be described for soil behaviour
can be significant. That is the reason why engineers are trying to use simpler
models to describe the soil behaviour. One of the most simplest constitutive
model is Von Mises model. This constitutive model is often used to describe
behaviour of clayly soil because it is described using the ultimate stress state
which is associated with undrained strength of clay.

In Chapter 2, Section 2.1.2 and 2.2.2 a short discussion regarding some of
constitutive models in analysing of LLP behaviour is presented. Most of re-
searchers utilize simpler models [7, 10, 11, 15], using the non-associated or
associated flow behaviour, while some of researchers utilize a little bit more so-
phisticated constitutive models [8, 16, 25, 35]. If it is possible, the sliding or
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gaping interface elements can be used as an enhancement in simpler models.
The following text will concern the constitutive models that are used in modelling
of cohesionless material of soil such as a sand behaviour. One of the simplest
and very often used constitutive model, the Mohr-Coulomb constitutive model,
will be used as a computer verification in Chapter 7.

3.3.2.1 Mohr-Coulomb constitutive model

The Mohr-Coulomb (MC) constitutive model can be defined as elastic-perfectly
plastic constitutive model of material behaviour. It is defined with only two pa-
rameters that would be obtained from conventional soil testing techniques: co-
hesion and friction angle. Those two parameters are sufficient to describe the
basic MC model of soil behaviour. An extended MC constitutive model can be
formulated by adding a one new parameter, angle of dilation, thus making it
possible to model behaviour more accurate.

The failure surface of MC criterion is given with the equation (3.28) while the
plastic potential is represented with equation (3.29). All equations are written in
the form of stress invariants.

sin(©) sin(¢)

[, J2,0,0) = —%1—1 sin(¢) + v/ J2 ( /3

+ cos(@)) — ccos(¢) (3.28)

sin(©) sin(¢)

g ([17 J27 67¢7 ¢di|) = _%[l sin (¢di|) + J2 ( \/§

+ Cos(@)) — ccos(¢)
(3.29)

The most of commercial softwares in geotechnical engineering use MC model
failure surface and associated plastic potential for stress and deformation anal-
yses.
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FIGURE 3.13: The Mohr-Coulomb failure surface in the principle stresses
plane space [64]

3.3.2.2 The Drucker - Prager constitutive model

The Drucker-Prager (DP) constitutive model can be described as elasto - plas-
tic constitutive model and can be considered as an approximation of the Mohr-
Coulomb model [65]. Plot of the failure criterion in the space of principle stresses
is presented in Figure 3.14. Approximation of the Mohr-Coulomb criterion with
the Drucke-Prager criterion is shown on Figure 3.15. Here it should be noticed
that this approximation can be very rough.

Very often, the Drucker-Prager criterion is also expressed using the stress in-
variants as presented in equation (3.30). In this equation the parameters « and
k represent material parameters of failure criterion.

F(Jo, I, o k) =~/Jo —aly — k (3.30)

Parameters « and & should be properly described because DP criterion corre-
sponds to different points of intersection which are shown in Figure 3.15. In
Table 3.4 the expressions for the mentioned parameters are given in correlation
to their position in the space of principle stresses [65].
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FIGURE 3.14: The Drucker-Prager failure surface in the principle stresses
plane space [65]

o 4
DP matching MC in compression

FIGURE 3.15: Alternative Drucker-Prager failure surfaces compared to Mohr-
Coulomb failure surface [65]
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TABLE 3.4: Material parameters o and k&, [65]

Coinciding for a k

. H . 2sin ¢ 6¢ cos ¢
Triaxial compression V3G sind) V3Gsind)
(o) = 03)

. H . 2sin ¢ 6¢ cos ¢
Triaxial extension 3G e d) V3G eind)
(o) = 01)

Tangential inner cir- sin ¢ Becos 6
g \/g\/3+sin2 o) \/3\/3+sin2 )
cle

3.3.3 Application of mixed FEM approach to beam on elastic
foundation

To avoid complex soil behaviour, the subgrade reaction model is often used how
it is proposed by Winkler [48]. Solution of a beam resting on an elastic soil model
is considerably changed with respect to the beam with no solid. Although, there
is a solution for an "exact" beam-soil element, equations are designed for situa-
tions of limited applicability and because that the non-standard shape functions
may contain some singularities [66]. Jagodnik et al. [19] performed some anal-
yses, which showed that resulting soil-stiffness contribution becomes different,
even though the beam stiffness contribution is the same, depending on type and
field interpolation. If the soil-reaction field is interpolated independently from the
interpolation of the displacement using the mixed type FEM technique, the soil-
stiffness contribution should be changed. In the following text, the summary of
mixed FEM approach to beam resting on elastic soil is presented.

3.3.3.1 Displacement based approach to Bernoulli beam

Focusing on beam part of an equation (3.1) from variational point of view it
will satisfy the solution if the total potential energy of a problem is stationary
V = Vas — U. Here Vyo; = L [ EIw" is the strain energy and U is the work of
applied load. From variation 6V = 0 it follows:

/ ’ <5w”E1w”) de —U =0 (3.31)
0
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Dividing the beam into N, finite element of length /; and assuming the distri-
bution of the displacement field within each element as w;(§) = N;(¢)p; with
Pt = (w; 0; wiy1 Oi11) = (w(x;) w'(z;) w(wigr) w'(zi1)) the following equation is
obtained:

Nei
Z op; (Kpipi — Ri) =0 (3.32)
i=1

Matrix K, is defined by satisfying the C' continuity because of the presence
of second derivatives using Hermitean polynomial interpolation [60] and it is
shown in integration form by equation (3.33) while the matrix after integration is
defined with equation (3.34) for a random length of element.

de (3.33)

' 8EI NI d®N;
Ky = 3 2 2
o Boder de

12 —6l; —12 —6l;
EI |—6l; 412 6l; 22

Ky = = ' . (3.34)
| -12 6, 12 6l

—6l; 20> 6l A

3.3.3.2 Bernoulli’s beam as a shear-rigid Timoshenko’s beam

The main difference between the Bernoulli’s and Timoshenko’s beam theories is
in the assumption of rotation of the centroid line by a shear angle ~(z), which is
resulting with the shear-stress resultant 7'(z) = GA~v(z). Total potential energy
of the problem must be stationary at equilibrium (V' = V., — U). Strain energy
of the system is defined as V.; = %fOL (EI16"* + GA»?) dz, variational form can
be expressed with the following equation:

L L
5V = / SO EI0dr + / 5 (W +0) GA (w' + 0) dz — 6U = 0 (3.35)
0 0

If the beam is divided into V. finite elements, and assembling the unknown
kinematic fields, defining them with the interpolation vector, system could lead
to the well-known and documented phenomena called shear-locking [37, 60]
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which arises from the fact that the order of interpolating polynomial is the same
for displacements and rotations, making it unable for the element to describe
the state of constant shear. One of the solution is to consider the shear-stress
resultant 7' as an independent field. Mixed energy functional then would be
V= Vi+ Var — Vo — U with Vg = L [V BEI0%dz, Vir = [; (' +6) Tdz and
Vi = %fOL g—idx. Variational equation is given with equation :

L L L L
T
% :/ 56’E10’dx+/ §(w' +6) Tda:+/ 6T (w' + 6) dx—/ 0T —dz—d6U =0
0 0 0 0 GA
(3.36)
Performing the step mentioned in text earlier, but with additional shear-stress

interpolation as T" = N¢T;, for N, number of elements, the equation (3.36)
turns into:

Nel
> {00 (Kaipi + KariTy = Ri) + 0T} (Kl pi + KpiTi) } = 0 (3.37)

i=1

where

2 [LdNt |0 0 | dN
Kd’i:l_i/_ld_ﬁ o pr| €™ (3.38)
Kiro = [ 1 (<i ﬁ>N)tNng (3.39)
’ L \dE 2
L[
Kr; = -3 G y / 1 NENpdé. (3.40)
Ky = Ka; — Kari K7 i Kjr, (3.41)

Beam stiffness equation can be defined as it is shown in the equation (3.41).
Stiffness matrix can be calculated using the Lagrangian functions for three-node
element interpolation for displacements and rotations and liner for shear-stress
resultant. By considering out the mid-node degrees of freedom it can be ob-
tained the following matrix:
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12 —6l, —12 —6l
EI  |—6l; (4+¢)2 6l (2— )2
1+o) |12 6l 12 6, |’
—6l; (2—o)l7 6l (4+ )7

Ky = (3.42)

with ¢ = gflg When GA — oo then ¢ = 0 and the equation (3.42) becomes as
(3.34).

3.3.3.3 Displacement based approach to Bernoulli-Winkler beam — one-
field interpolation

The problem may be approached in the same way as presented before with
the only difference in strain energy that has a part influenced from soil, V., =
L[ (BIw" + kw?) dz. The stiffness matrix can be separated into two parts: (i)
the first defining the stiffness of beam and (ii) the second defining the stiffness
of soil. Soil stiffness matrix can be easily obtained using the equation (3.43)
using Hermitean polynomials as shape functions. Soil stiffness matrix is given
with equation 3.44.

kl;
K= / 7NTN dé¢ (3.43)
1

% 210l % 41230l

K. o=kl 21ol 1(1)5le 420l 140lz2 (3.44)
st g 9 13 13 iy :
70 T a0 35 210%
41230 L; 110 7 21110 l; 1(1)5 5

3.3.3.4 Mixed FEM approach to Bernoulli-Winkler problem — two-field in-
terpolation

Using the mixed approach by introducing the new function f(z) that represents
distributed soil reaction field, potential function can be rewritten now as V' =
Vot Viy—V;—U, where V, = L [¥ ETw"dx, Viy = [} fwdzand V; = & [ f2dz.
Function w(z) and f(x) can be treated separately. Dividing the beam into N,,
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elements and assuming an additional interpolation for distributed soil reaction
field, the variation equation turns into:

Nel

Z (6D} (Kyipi + Kipif; — Ri) + 6 f} (Kypipi + Kyifi)] =0 (3.45)

=1

Soil stiffness contribution from the element stiffness matrix is as follow:

KSJ' - —be’zK;ZIK;fﬂ (346)

Depending on the degree of interpolation for soil reaction field, soil-stiffness
contribution differs and it is presented by Jagodnik et al. [19].

3.3.3.5 Bernoulli-Winkler beam as shear-rigid Timoshenko’s beam on Win-
kler’s soil — three-field interpolation

Formulation of shear-rigid Timoshenko’s beam element on Winkler’'s foundation
follows the same principle of derivation of the Timoshenko’s beam element as
presented in Section 3.3.3.2 but with an addition of soil behaviour. Soil element
equation can be written as:

kl, [* 10
K,,=— [ Nt Nd 3.47
s [0 O] : (3.47)

It has noted that although the stiffness matrix of a Bernoulli's beam element is
the same as condensed mid-node shear-rigid Timoshenko’s beam, soil contri-
bution matrices are different [19].

3.3.3.6 Dual mixed FEM approach to Timoshenko’s beam on Winkler’'s
soil — four-field interpolation

Using the mixed FEM approach, the displacement, rotation, shear-stress resul-
tant and distributed soil-reaction field have been interpolated as independent
fields. Element equation can be written as:
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Nel

> [5]7? (Kaipi + KariTi + Kopipi (3.48)

=1

- R;) + 5Tit (KctlT,ipi + KT,Z'TZ') + 5fit (Klgf,ipi + Kf,ifi)] =0

After condensing out the mid node, the soil stiffness equation can be written as:

Equation (3.50) shows the stiffness matrix for condensed mid-node of shear-
rigid beam based on the equation (3.49) for the linear approximation of the
distributed soil-reaction field, which gives best result compared to the analytical
solution [19].

48 —61 24 6l
=61 12 —61 —I2
K. - Kl 6 6
144 | 24 —61 48 6l
6l —12 61 2

(3.50)

3.3.3.7 One-field interpolation of non-linear Winkler’s soil

For a hyperelastic Winkler’s soil, the total potential energy is given as V' =
L[ EI(w")dz + [ u(w)dz — U, where u(w) is the one-dimensional strain-
energy density of the deformation soil and U is the work of the applied loading.
Applying the variational principle, and dividing the beam into N, elements, from
the principle of stationary total potential energy 6V = 0 there follows:

Nel
> " op! (Kpipi + F; —R;) =0, (3.51)
=1

Where, for an element 7, P: = (wi,Hi,w,-+1,9i+1>T, Kbﬂ' = %f}l %%df,
F, = %ffl N7 f(w(€))d€, Ny, is the matrix of Hermitean interpolation polynomi-

als, N; = <2(1—§)—4§(1—52) _ li(1—§?(1—§) (1+§)+i<1_§2)
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1i(1-62) (1+¢)
8
du(w)

> and R; is the nodal vector of the applied loading, while f(w) =

. K, defined in this way, of course, yields the result already given in Sec-
t|on 3.3.3.1. Using (3.51), a non-linear element equilibrium can be expressed
as:

g=Kip+F—-_R =0, (3.52)
qi Qe

with g as the residual force vector and K, F and R as the global beam stiffness
matrix, the global soil-reaction vector and the global applied force vector. This
residual force vector is non-linear in p through F and it my be expanded in a
Taylor’s series as:

g(p + Ap) = g(p) + Aq; + O(| Apl]?), (3.53)

from where the linearised equilibrium Aq; = —g follows as:

Aqi = Ky, Aps + / N af " Nudeap, (3.54)

the contribution to Aq; of element i. From (3.54) it can be easily concluded that
the non-linear element stiffness matrix of the soil part of the mechanical system
is

K, = / lzjf NN, de. (3.55)

Since p; = 0 in the initial configuration, both K, ;p; the soil-reaction force vector
F; vanish and —g = R are as in the linear analysis. Additionally, the value
of the initial soil stiffness matrix K, will be exactly the same as in the linear
analysis with < = k,. The Newton-Raphson solution process to establish the
equilibrium in the presently considered non-linear setting is given in Table 3.5.

3.3.3.8 Two-field interpolation on non-linear Winkler’s soil

If the one field formulation is expanded by defining a two-field potential as
V* = Vi + Viy — V; — U, where V; = 1 [V EI(w")?dz, Viy = [; fwdz and
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TABLE 3.5: Outline of the solution algorithm for one-field interpolation

Step

Description

(4)
(i)

(iid)

Set the initial state for each element :
pi=0=>w=0=f=0=F,=0and L|,_,
Calculate the element beam stiffness matrix K ; (Sec-
tion 3.3.3.1) and the initial element soil stiffness matrix
for each element i as:

1
Ks,i = fl%%‘wzoNgthg

Assemble the global stiffness and force vector and cal-
culate the initial displacement:
KAp=R
where K = K; + K, and R are obtained from the ele-
ment contributions
Update the initial displacement vector
p := p+ Ap and extract the element new contributions
Pi
Calculate the displacement function and the soil-
reaction and its derivative for element ¢
w(§); = Np,p;
f(w), L
Calculate the soil-reaction vector for element i as:
1
Fo=5 | Nif(w)de
Calculate the new soil stiffness matrix K ; for element

1
iasKy; = [ L4 o NINyde
-1

2 dw

Calculate the element unbalanced force vector as:

gi = Kb,ipE”“) + FEHH) - R;

Assemble the global stiffness and residual and solve
the equation of the system:

KAp =—-g

where K and g are assembled from the element resid-
ual q; and the element stiffness matrix K; = K, ; + K ;
Repeat the procedure from step (iv) to step (iz) until
the norm of the displacement increment || Ap|| or the
norm of the unbalanced force ||g|| is smaller than a
prescribed tolerance
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Vy = JiF w*(f)de and where w*(f) = [."w(¢)d¢ is the one-dimensional comple-
mentary strain energy density of the soil deformation. As it's explained in paper
[19], it can be defined different interpolation functions for the displacement w
and for the soil reaction f now. From §V/* = 0, it follows:

Nel
> (opfgi+0f'd;) =0 (3.56)
=1
and where
g =Kpipi+Fi— Ry
d; =D;+ Dy,
where
1
l; .
F; = | Nifdg (3.57)
-1
1
l; .
D; =3 | Njwdg (3.58)
—1
L[ dut
by de™
D= _{ NI s (3.59)

Since no derivation on f with respect to = (or &) exists in the mixed formulation
V*, there is no need to establish continuity of f between the elements. For this
reason, the equation (3.56) may be written as:

Nel
opTa+ > offd; =0 (3.60)

i=1

which must hold true for any variations ép and ¢f; thus leading to
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In [19] it has been shown that the most efficient choice for N; is the two-field
formulation in linear analyses is Ny = (1 &), which allows for a linear change of
the soil-reaction field over an element.

A Newton-Raphson solution procedure may now be defined in the same manner
as in the previous section starting from:

Ag = —¢g (3.61)

where as described, the global residual g consists of the overlapping element
contributions g; owing to continuity of the displacement field. Likewise, its linear
part Ag consists of the element contribution is:

Ag; = Ky ;Ap; + Kip Af; (3.62)

where K;;; = & [1 NTN de.

Also,

Ad; = Kj;;Ap; + Ky, Af; (3.63)

where Kj; = 4 |1 £2"NTN d¢.

Since Ad; = —d; forevery i = 1,..., N, from (3.63) the increment of the soil-
reaction force can be obtained as:
Af; = K5} (d; + Kj;,Ap;) (3.64)

and substitute in 3.62 to obtain Ag; in terms of Ap; only as
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Ag; = K;Ap; — ¢ (3.65)
where
K; = Ky; — Kop KK}, (3.66)

Applying the assembly procedure employed to form the global residual g from
the elemental residuals g; to the linear part of the element residuals Ag; and
substituing the result in 3.61 we obtain:

KAp=-g+e (3.68)

where the global e is obtained from the element vectors e; in the same way and
the global stiffness matrix K is obtained from the element contributions K; in
the standard way. An outline of the solution process is given with Table 3.6.

TABLE 3.6: Outline of solution algorithm for two-field interpolation
Step Description

(i)  Set the initial state for each element ¢
pi=0=w=0=D;=0
i=0=f=0=F;=0
e lf=o=0=Ds; =0

d?u* _
TP

(¢7)  Calculate the matrix K;;, and K;; which arises from
equations (3.62) and (3.63) for each element

(i4i) Calculate the element stiffness matrix K,; (Section
3.3.3.1) and the initial element soil stiffness matrix for
each element i as:
K, = —be,iKﬁKrgpf,i = K =K, + Kg;

(iv) Assemble the global stiffness matrix and force vector
and calculate the initial displacements by solving the
system equation:
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(vid)

(wiii)

(xiv)

KAp =R

where K and R are obtained from the respective ele-
ment contributions

Calculate the increment of the soil-reaction vector of
degrees of freedom Af; using equation (3.64) for each
element i

Update the displacement vector

p := p+ Ap and extract the element contributions and
update the soil reaction vector

f, .= f; + Af; for each element i

Calculate the displacement function and the soil-
reaction function for each element i

w = Nyp;
J =Nyt

du* dur _ d
as well as G- = w(f) and 5 = ¢

Calculate the soil-reaction vector F; for each element
i using the updated soil-reaction function from step
(viti) using equation (3.57)

Compute the non-linear compatibility vector d; using
relations (3.58) and (3.59) for the updated soil-reaction
function calculated in step (viii) for each element i
Calculate the soil-reaction matrix K, using djT% from
step (viii) for each element ¢

Calculate the new element stiffness matrix

K; = Ky — Ko K K]

Compute the condensed element unbalanced force
vector as:

g =Kppi+F,—R;—¢

Assemble the global stiffness matrix and the unbal-
anced force vector and solve the system:

KAp=g

Repeat the procedure from step (vii) to step (wiii)
until the norm of the displacement increment ||Ap;||,
each of the norms of soil-reaction force increment
|Af;|| and/or the norm of the condensed unbalanced
force vector ||g;|| is smaller than a prescribed tolerance
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3.3.3.9 Three-field interpolation on non-linear Winkler’s soil

If the two-field formulation is expanded into three-field formulation as V* = V,; +
Var — Vi + fOL u(w)dx — U where u(w) is one-dimensional strain energy such
as presented in Subsection 3.3.3.7. From the stationary total potential energy
oV* =0 it follows:

Nel
Z [0p] (Kaipi + KariTi + Ky ipi — Ry) + 0T] (K ,pi + K T;)] =0 (3.69)

i =1

Because p and T must hold true for any variation, equation (3.69) can be sum-
marized into:

Nel
Z (Kpipi + F; —R;) =0 (3.70)

=1

1

0
terpolation polynomials [19, 59, 67]. Non-linear element equilibrium can be

1
where F; = % [ NT %df, and N stands for matrix of Lagrangian in-
—1

expressed as:

g=Kip+F" - R =0 (3.71)
i e
From the linearised equilibrium, such as in Subsection 3.3.3.7, Aq; = —g, it
follows as:
. 10
Aq; = Ky ;Ap; + b / NT Nﬁdepi (3.72)
’ 2J 00| duw

the contribution to Aq; of element i. From equation (3.72) it can be easily con-
cluded what is the non-linear stiffness matrix of soil part of system.

L[ 1 0] __ar
K,, =~ NT N—d 3.73
=3/ [O O] D g 3.79
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The procedure to obtaining Ap; is a little bit more complex than the one in
sections 3.3.3.7 and 3.3.3.8 since the matrices K, ; and K, are 6 by 6 matrix,
thus the vector Ap; is 6 by 1 vector. In order to calculate using shear-rigid finite
element, so that the beam stiffness matrix can be comparable to Bernoulli’'s
beam stiffness matrix, internal node of Timoshenko’s beam-soil element has to
be condensed out. An outline of solution process for this type of element is

presented with Table 3.7.

TABLE 3.7: Outline of solving algorithm for three-field interpolation

Step Description

(4)

(iid)

Set the initial state for each element ¢

pi=0=w=0

fi=0=Fr=0

Calculate tbe beam stiffness matrix K, (Section
3.3.3.1) and the initial element soil stiffness matrix for
each element i as:

_ 10
K., = %f_llNT [ - ] N%h:o d¢

and caculate the beam-soil stiffness matrix as:

K = K, + K, and R for each element contributions
Preform the condensation of 6 by 6 system of beam-
soil stiffness matrix for each element i using the rela-

| K K Kis A B
tion Koy Ko K23 % BT K/
K31 K32 K33

Ki; Ky
thus  obtaining the system of equation

K K
WIthA:K221B: |:K,{2 K23:|,K,: [ 1 13]

K/m - BﬁA;len} Apv,i = 0q;

(.

v~

Ksk,i
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(iv)

(vid)

(viii)

where K., is 4 by 4 initial stiffness matrix
of a condense-out three-noded Timoshenko ele-
ment, dq; is unbalanced element force vector and
is defined as g = (BLA'A,—B])p.; +

(B?nA;Lle - K;;) pU7i - B%A;nl (Ru,z - Fu,i) + Rv,i -

Ap,
Fv,i and Apv,i == p !

Apv,Q
of two noded shear rigid Timoshenko beam element

} is the displacement vector

Applying the limit GA — oo to above relations we can
obtain 4 by 4 beam-soil shear-rigid stiffness matrix.
Assemble the global stiffness matrix of the beam-soil
element and force vector dq for each element contri-
butions
From step (iii) Ap, is obtained which represents the
outer node unknowns of an element. Extract the ele-
ment contributions Ap,;
Calculate the displacement of internal element node
for each element i as:
Apyi = —A ApL — AL'Bipei + AL (R — Fuy) —
A 1B, Ap,;
Assemble the increment of 6 by 1 displacement vector
Ap; as:

Apy
Ap; = Ap.

APU,Q
Update the initial displacement vector for each ele-
ment
Pi := Pi + Ap;
Calculate the displacement function and the soil-
reaction function for each element

N 1
w= Pi
0

and f;
Calculate the soil-reaction vector as for each element

7
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(1)

(xiii)

(ziv)

*_l_il T 1 )

Calculate the updated soil stiffness matrix from up-
dated values in step (xi) for each element ::

_ 10
sti - %f—ll N* [ 0 0 ] N%|fz dg

Calculate the unbalanced force vector as:

0q) = (BLAL'A, — BY) pui+ (BLA, B, — K}) pu,i—
BIA 'R, —F,;))+R,;, —F,;

for each element i

Perform the condensation of a system according to
step (iii) thus obtaining updated condensed beam-
soil stiffness matrix K, ; and unbalanced forced vec-
tor éq;, for each element i

Assemble the global system of equation and solve it:
K. Ap, = —dq

Repeat the procedure from step (iv) to step (xiii) un-
til the norm of the displacement increment ||Ap;||, or
the norm of the unbalanced force ||dq;|| is smaller than
prescribed tolerance

3.3.3.10 Four-field interpolation on non-linear Winkler’s soil

Four-field potential can be defined as the combination of two-field potential and

three-field potential. Interpolation function for beam is considered to be as in

previous section 3.3.3.9 described with Lagrangian polynomials, N, while soil

can be considered with constant or linear interpolation function N, [19]. Fol-

lowing the conclusions from [19], the most efficient choice for four-field formu-

lation is also Ny = (1 &) such as described in Subsection 3.3.3.8. Energy

potential can be defined as: V** =V + Vyr — Vpr + fOL fwdz + fOL u*(f)de — U
where u*(f) = fof w( f)df is one-dimensional complementary strain energy den-

sity such as presented in Subsection 3.3.3.8. Applying the variational principle,

from 6V** = 0 it follows:
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Ncl
> (007 (Kapi + Kar Ti + Kypipi — Ry) (3.74)
1 =1

+ 0T} (Kipi + KpTi) + 0f] (Kjppi + Kpifi)| =0

or shortly
Nel
> (opfgi+0f'd;) =0 (3.75)
=1
where
g =Ky.pi+F, — R,
di = Dz + Df,i
and where
I, (! 1| du
Fr=2_ N7 — )
= {} i @.76)
L, [t
D, = 5 / N7 wdé (8.77)
-1
L, [t du*
Df;=—— [ NE.—d¢. 7
=3 | NpSrde (3.78)

Such as presented in Subsection 3.3.3.8, since no derivation on f with respect
to = (or &) exists in the mixed formulation V**, there is no need to establish
continuity of f between the elements. For this reason, equation (3.75) may be
written as:

Nei
op'q+ Y offd; =0 (3.79)
i=1

which must hold true for any variations op and ¢f; thus leading to
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A Newton-Raphson solution procedure may be defined now in the same manner
as in the previous section starting from:

Ag=—g (3.80)

where as it is described, the global residual g consists of the overlapping ele-
ment contributions g; owing to continuity of the displacement field, as it is stated
in Subsection 3.3.3.8. Likewise, its linear part Ag consists of the element con-
tributions:

Ag; = Ky ;Ap; + Ky i Af; (3.81)

where Ky, = & [1 NTN .

Here also,

Ad; = K, Ap; + Ky iAf; (3.82)

. 1 2,
where K;; = —4 |7 T NTN €.

Since again Ad; = —d; now for every i = 1,..., Ny it can be obtained from 3.82
the increment of the soil-reaction force as:

Af; = -K; (d; + Ki; ,Ap;) (3.83)

and substitute in the same manner such as presented in Subsection 3.3.3.8 in
(3.81) to obtain Ag; in terms of Ap; as

Ag; = K;Ap; — e (3.84)
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where

K; = K;; — Kp K K], (3.85)
e; = Kpp, K d; (3.86)

Applying the assembly procedure employed to form the global residual g from
the elemental residuals g; to the linear part of the element residuals Ag; and
substituting the result in 3.80 it will be obtained:

KAp=-g+e (3.87)

where the global e is obtained from the element vectors e; in the same way
and the global stiffness matrix K is obtained from the element contributions K;
in the standard way. It has to be noted that the obtained matrices are in size
6 by 6 and vectors are in size 6 by 1. In order to compare Bernoulli’'s beam
element and Timoshenko’s beam element, the internal node of Timoshenko’s
beam element has to be condensed out in certain point of calculation, thus
making the stiffness matrix in size 4 by 4. An outline of the solution process is
given with Table 3.8.

TABLE 3.8: Outline of solution algorithm for four-field interpolation
Step  Description

(1) Set the initial state for each element i
pi=0=w=0=D,=0
ff=0=f=0=F,=0
&lfo=0=Ds; =0

d>u* _
P

(¢)  Calculate the matrices K,;;, and K;; which arises
from equations (3.81) and (3.82) for each element i
(i4i)  Calculate the the beam element stiffness matrix K,
and the initial soil stiffness matrix for each ekement ¢
as:
K, = —Kup K7 Ky,
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(iv)

(vi)

The soil stiffness matrix K;; and beam-soil stiffness
matrix K; = K,; + K;, are 6 by 6 stiffness matrices
like the ones in section 3.3.3.9. Thus, the similar pro-
cedure for obtaining increments of displacement has
to be performed with the addition of beam-soil vector
force 3.86

Preform the condensation of 6 by 6 system of
equations on the equation (3.87) to form 4 by 4
system of equations using the following relation

Ky Ky K
11 12 13 A B
K21 KQQ K23 Conde. BT K/
K31 K32 K33
K;; K
with A = Ky, B = [K1T2 Ko, },K/: K
K13 Kss
thus  obtaining the system of equation
K —BIA'B, | Ap, = dq;
where g = (BIAA, — Bl ) pu;  +

(BZAJJB() - KE)) pv,i - BgA;zl (Ru,z + eu,i
Rv,i - Fv,i + €ui

Ap,
and Ap,,; = { Ap ! }
pv,Q

Applying the limit GA — oo to above relations we can

obtain 4 by 4 stiffness matrix for shear-rigid system.
Assemble the global stiffness matrix, displacement
vector and force vector and solve the system

KaAp, =g

where K. and g are obtained from the respectable
element contributions.

From step (iv) we obtain Ap, which represents the
outer node unknowns of an element. Extract the ele-
ment contributions Ap, ;

Calculate the displacement of internal element node
as:
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(vid)

(ziii)

(ziv)

(zv)

Apu,i - _A;llAbpu,i - AT_nlepv,i + qul (Ru,z
- Fu,i + eu,i) - A;LleApv,i

Assemble the increment of 6 by 1 displacement vector

Ap; as:
Apv71

Ap; = Ap, for each element contribution
Ap”u,2

Calculate the increment of soil-reaction function using
the relation Af; given with equation (3.83) for each el-
ement contribution

Update the initial displacement vector

p:=p;+ Ap;

f, =f;, + Af;

as well as % = w(f) and 44 = %

Calculate the displacement function and soil-reaction
function

w = Np;

J = Nyf;

Calculate the soil-reaction vector F; for each element
i using the updated soil-reaction function from step (z)
by equation (3.76)

Compute the non-linear compatibility vector d; using
the equations (3.77) and (3.78) for the updated soil-
reaction function calculated in step (vi:) for each ele-
ment ¢

Calculate soil-reaction matrix K, using ‘1;71; from step
(xi) for each element i

Calculate the new soil stiffness matrix K, ; with the up-
dated soil-reaction stiffness matrix K;,; calculated in
step (xiii) for each element i

Compute the unbalanced force vector as:

g = (B%A,}lAb - BbT) Pu, t+ (B%A;IBb - KE,) Pv;i —
B%Ar}l (Rui+ew—Fu)+R,; —F,; + e,
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(zvi)

(zvid)

(zviii)

Perform the condensation of a system according to
step (iv) thus obtaining updated condensed beam-soil
stiffness matrix K, ; and unbalanced force vector éq;
for each element ¢

Assemble the condensed-out system matrix into
global stiffness matrix and solve the system of equa-
tions:

K. iAp, = 8

Repeat the procedure from step (v) to step (zvi) un-
til the norm of the displacement increment ||Ap;|| or
the norm of the unbalanced force ||q;|| is smaller than
prescribed tolerance




Chapter 4

Geotechnical test site
characterization

Based on the presented analyses and testing performed by various authors, the
testing field for research could be establish. Because no documented LLP tests
in natural gravels were found, it was decided that the field tests would be per-
formed in those type of soil. The piles will be embedded in cohesionless soil,
made of alluvial deposits, mainly gravels with different content of sand. Because
of the limiting funds it was decided that 10 piles in total would be constructed in
mentioned soil. Axial distance form pile to pile is 3 times diameter of pile. The
length of embedded pile is 5 m with 20 cm above ground level. The elevation of
20 cm above ground level is constructed to enable that the piles can be easily
loaded. Loading of piles was achieved with hydraulic press. Since the length to
diameter ratio is grater than 10, which means that the piles are flexible, and be-
cause it is the only device for measurement of displacement, incinometer probe
is used for obtaining the displacement of the piles. The diameter of pile is taken
as 0.25 with inner hole of 7cm for inlinometer casing. Pile is going to be made
of concrete mixture. Detailed description of field, establishment of field testing
and testing itself is given in Chapter 5 of this Thesis.

Location laterally loaded piles testing site, described in this chapter, was cho-
sen because of its specific geological setting. Geological profile at the location
consists of natural sandy gravels that were deposited in the past and this fact
makes this kind of tests among the rare. As it mentioned before, LLP were

63
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FIGURE 4.1: Location of test field

mostly tested in clays and sand, and there are just a few information about LLP
testing and behaviour in natural sandy gravels.

4.1 Geographical position

The position of the test field is situated in the north-east outskirts of the town
Rijeka, Grobnik, Croatia. Wider display of location is shown on the Figure 4.1.

4.2 Geological and geotechnical characteristics of
test field location

The Grobnik Field is a vast karstic depression situated between the RijeCina
River Valley and mountains of Gorski Kotar. Shape of the field is irregular with
maximum length about 4 km in west-east direction, and north-south direction.
Altitude of Grobnik Field is lowering from north-east where it is about 325 m
a.s.l. to 250 m a.s.l. on the south-west part. The Hum hill divides the Grobnik
Field into its west and east parts.



Chapter 4. Geotechnical site characteristics 65

Hills around the Grobnik Field are formed in the carbonate rocks of Cretaceous
age. Those are limestone, dolomitic limestone and carbonate breccias. Palaeo-
gene limestone and siliciclastic rock-marls and flysch are visible on the surface
of south-west edge of the Grobnik Field [68, 69]. Geological map and legend
are presented in Figure 4.2.

Fluvioglacial sediments cover the bottom of the Grobnik Fieldand caused that
this depression has a characteristics of a karstic field. On the eastern part of
the field, in the area of Kikovica and Dubine, the gravel cobble material prevails.
Going toward the west, in the area of Drazice and Podhum, surface deposits
are made of sands and gravels. Along the south and south-east edge of the
Grobnik Field, fine sand and clayly sand start to prevail. The depth of those
fluvioglacial sediment layers is approximately 25 m [70, 71].

Carbonate rocks around the field are fissured and karstified and they have a
good water permeability characteristics. This is the area without permanent
surface run-off and water circulation is present into deep karstic underground
[72], but because of rising the underground water level, transgression of the
Grobnik Field is periodic. Torrent flows can happen after heavy rain periods.

FIGURE 4.2: Geological map of field testing with legend, [73]
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FIGURE 4.3: Material on a location

In general, geological profile can be divided into two parts: (a) superficial de-
posits, which consist of fluvial deposits and (b) bedrock, which is made of lime-
stone. Fluvial deposits are well graded gravels with grain size up to 100 mm,
with some elements of 250 mm in diameter. The depth of this layer of gravel
material is from 10 m to 50 m at some locations. Upper part (20 cm below
ground level) is made of clay, mostly organic deposits, which will be removed
before testing. On Figure 4.3, the cut in natural gravel deposits are presented
at a location near the testing field.

4.3 Ground water level

Since the superficial deposit is made mostly of granular soil, it has very high co-
efficient of permeability meaning that pore pressures cannot arise to the values
which have influence to any kind of construction. After heavy rain, water can
shortly remain at the surface, but usually runs away within some minutes.

4.4 Granulometric composition

From test site location, sandy gravel material was taken for sieve analysis. Pro-
cedures of sieving were based on Eurocode standards for such analysis [74].
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FIGURE 4.4: Granulometric composition diagram of gravel material from test
location

On Figure 4.4 the result of sieve analysis is presented.

With the sieve analysis performed, uniformity coefficient and gradation coeffi-
cient could be obtained, given with equation (4.1) and (4.2), respectively. Based
on that equations and sieve curve, coefficient of uniformity of gravel sample is 10
and coefficient of gradation is 0.9. In the most of the textbooks [75, 76, 77, 78]
a well graded soil is the soil that has the coefficient of uniformity larger than 4
(if we talk about gravels) and 6 (if we talk about sands). Based on that fact,
the analysed gravel is well graded. But, the limits of coefficient of gradation for
soil to be well graded, is between 1 and 3. Bearing in mind the obtained results,
analysed gravel is somewhere on a lower boundary which gives us the insight of
the present amount of sand. Taking a look at the Figure 4.4, it can be concluded
that the soil consists of nearly 50% of sand and 50% of gravel. That makes it a
bit hard to distinguish what material will be dominant for pile behaviour. There
are some evidence that the sand will be dominant in the mixture of sand and
gravel if the specimen has more than 50% of sand [79].

_ Deo

o=
Dy

~10 (4.1)

D2
0 —09 (4.2)

C,=—390__ _
D60'D10
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FIGURE 4.6: Plot of shear wave velocity with depth obtained from MASW

4.5 Geophysical survey on site

Basic geophysical survey on a site consists of shallow seismic refraction and
multichannel analysis of surface waves (MASW). Techniques for mentioned
geophysical testing surveys are described in Appendix C and D respectively.
On Figure 4.5 the seismic profile obtained by shallow seismic refraction survey
is presented, while on figure 4.6, shear wave velocity profile is plotted.
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Based on shear wave velocities, dynamic deformation parameters of naturally
sandy gravels were calculated, and summarised in Table 4.1.

TABLE 4.1: Deformation parameters obtained by geophysical testing
[ Depth [m] [ v, [m/s] | p [0/cm?] | Gain [MPa] | Egin [MPa] | Euar [MPa] |

0.0-1.0 | 4440 1.7 335.13 600 120
1.0-4.7 | 655.0 1.9 815.15 1830 366
4.7-9.3 | 707.0 1.9 949.71 2680 536.4
9.3-17.3 | 689.0 1.9 901.97 2620 524
17.3 - 837 2.2 1541.25 4430 886

Static Young’s modulus of soil was determinated as E,,,/5 - Eq4,,/10 , based on
some previous studies [80]. It depends on type of structure in soil [81] and the
construction embedded in soil, and thus the existing deformation. Using that
assumption, the change of static Young’s modulus with depth can be calculated
and it is presented in Figure 4.7. Functions approximate the changes of Young’s
soil modulus with depth are also plotted on that figure.
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FIGURE 4.8: Large direct shear box at CEl

4.6 Laboratory testing of natural sandy gravel soil

Laboratory testing of material are carried out using a large direct shear box (Fig-
ure 4.8) at the Civil Engineering Institute of Croatia (CEl) in Zagreb. Top layout
dimensions of the shear box are 0.35 m by 0.35 m with the hight of sample of
0.35 m. Vertical pressure was achieved with air pillow; maximum allowed ver-
tical pressure is 400 kPa. Horizontal pressure was applied with electric motor;
maximum horizontal pressure at the box is 400kPa. The test was conducted as
a horizontal displacement control test with an increment of 1mm per 1 minute.

Four tests were conducted using four different vertical stresses: 50 kPa, 100
kPa, 150 kPa and 200 kPa. Shear stress vs. displacement curves are presented
on Figure 4.9. On Figure 4.10, normal stresses vs. peak shear stress and
normal stresses vs. residual shear stress are presented along with appropriate
trendline representing the failure line and residual line.

Using results of four performed test basic soil behaviour parameters, cohesion
and friction angle, can be calculated. Because of the type of material (mixture of
sand and gravel) cohesion is equal to zero, and the friction angle is represented
with the slope of failure line. The coefficient of slope of the failure line is tan ¢ =
1.0304 which is equivalent to the friction angle of ¢ ~ 46°. The slope of residual
line is tan ¢, = 0.95 giving the approxiamte angle of ¢, = 43° According to some
authors like Bolton [82], Houlsby [83] and Wood [39, 84], angle of dilatancy
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1 can be calculated if peak and residual angle of friction is known using the
following equation:

Using the obtained peak and residual angle obtained from shear tests and plug-
ging them into the equation (4.3), the approximate angle of dilatancy is obtained
as i) = 3.75°.



Chapter 5

Experimental programme

5.1 Introduction

In the following chapter the in-situ testing programme of LLP is presented and
devised. The chapter consists of six sections without introduction part, () field
test preferences, (ii) installation of inclinometer casings, (iii) installation of
piles, (iv) installation of counterweight concrete block, (v) steel loading frame
and (vi) testing procedure. Test field dimensions and constructions on the field
will be presented. To determine the pile deflection, inclinometer probe will be
used, by placing it to inclinometer casings installed in testing piles. The instal-
lation and position of inclinometer casings are presented in Section 5.4. The
construction of piles, their cross-section, characteristics and dimensions are
presented in Section 5.3. Piles are loaded laterally using the hydraulic press
with capacity of 500kN. Load on pile is transferred via loading frame, described
in Section 5.6, by counter-reaction using concrete block presented in Section
5.5. In the last section, the Section 5.7, the test procedure is presented.

5.2 Field test preferences

Test field consists of twelve in-situ bored and constructed concrete piles of
which nine have inclinometer tube installed in the axis; seven inclinometer cas-
ings installed in soil profile away from piles to measure displacements of soil

73
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FIGURE 5.2: Cross-section of test field

around the piles and concrete block which is used as a counterweight force for
loading the piles by means of loading frame. Sketch of test field is given on
Figure 5.1, while test field cross-section is presented in Figure 5.2 . The axial
distance between piles is chosen as three times the diameter of the pile, which
was concluded to be the critical distance between the piles as it is mentioned in
introduction of Chapter 4.
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5.3 Installation of piles

As it is mentioned in the introduction of this chapter, within this section the
pile installation will be presented. Section is divided into three subsections: (i)
selection of pile length, (ii) the pile cross-section and (iii) pile instrumentation.

5.3.1 Selection of pile length

Basic idea for the selection of pile length pile testing regarding its length was to
ensure a slender or flexible piles. Pile is flexible if the ratio of length to diameter
of pile is larger than 10 [85]. Because of construction cost, the length of a pile is
chosen to be 5m and its’ diameter 25 cm, which gives slender ratio L/ D = 20.
Another way to check if the pile is flexible is to control its flexural rigidity in
comparison to soil stiffness, given by Patra et al. [20]:

E-I
Kgrs = E I (5.1)
1.8 (Kps)'? <1 (5.2)

If the left part of equation (5.2) is smaller then 1 then the piles behave as a
flexible or slender pile. Taking into account the average Young’s modulus of
elasticity for concrete as 3.15 - 107 kPa, Young’s modulus of soil as 120 MPa, the
diameter of pile 25 cm with the inclinometer hole of 7 cm, left part of equation
(5.2) is 0.59.

5.3.2 The pile cross-section

Piles have circular cross-section, 25 cm in diameter with a hole of 7 cm in which
aluminium inclinometer casing will be installed. Pile reinforcing cage consists
of 8 bars of $16 mm in diameter connected with spiral reinforcement Figure
5.3. Pile reinforcement is calculated and installed to ensure the pile stiffness.
All above mentioned has been calculated based on maximum bending moment
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FIGURE 5.3: Pile reinforcement cross-section

FIGURE 5.4: Pile reinforcement

performed in some of previous analysis [73]. The reinforcing cage is shown on
Figure 5.4.

5.3.3 Pile instrumentation

Regarding available measurement equipment, the measured deflection of a
pile by inserting an inclinometer probe inside the inclinometer casing installed
through the pile axis, as it shown on Figure 5.5, was accepted. The idea is
to measure the deflection of a pile and by knowing its deflection to calculate
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FIGURE 5.5: Pile installation

other useful data and define diagrams such as bending curves, and, the most
important, diagrams of soil resistance along the piles.

Pile inclinometer casings are made of aluminium and delivered also in 3 m
length elements. Inclinometer casings were connected the same way as stan-
dard plastic inclinometer casings with the connection parts made from alu-
minium.

5.4 Installation of inclinometer casings

Plastic inclinometer casings, made of acrylonitrile butadiene styrene, herein
ABS, are installed in the test field in order to determine displacements in soil
around the pile. Casings are embedded in soil 5.3m, 30 cm below the bottom of
the pile. Six meter casing consists of two 3 m long parts connected using ABS
connection, as shown in Figure 5.6. The installation of inclinometer casings in
the field is shown in Figure 5.7.

Holes 10 cm in diameter and 5.3 m depth were bored with drilling rig, in which
ABS inclinometer casings were placed an then grouted with the mixture of ce-
ment and water, Figure 5.8.
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FIGURE 5.6: Six meter inclinometer ABS casings connected with ABS connec-
tion in the middle

FIGURE 5.7: Inclinometer casings arranged in test field
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FIGURE 5.8: Drilling the inclinometer holes

5.5 Counterweight concrete block

The role of the concrete block is to ensure sufficient counterweight to enable
lateral loading of piles. That was achieved using block mass and passive earth
pressure. Figure 5.9 shows the forces acting on a concrete block. The acting
force H that is induced with hydraulic press is balanced with block self-weight
(W), passive pressure (F,), soil resistance on block basis (F3) and flanks (F%).
The dimensions of block are 2.0 by 2.0 meters in top view. Block is embedded
in soil 2.0 m and it arises from the ground 1.0 m. From the 2.0 m — 0.5 m below
ground line, block was made out of solid concrete while upper 1.5 m was made
as a box 2 by 2 m with 0.5 m thick walls. Block reinforcement is shown in F 5.10,
while completed block is shown in Figure 5.11. The hollow part of the block was
filled with the excavated material.

5.6 Loading frame

Loading frame for load applying during the field testing consists of several ele-
ments which can be divided in structural and connection element. The schematic
view of the loading frame is shown in Figure 5.12.
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FIGURE 5.10: Counterweight block reinforcement
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FIGURE 5.11: Completed counterweight block
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Loading frame consists of two horizontal beam made of HEB 100 steel ele-
ments, strengthen with the standard UNP 100 steel elements. The idea was to
make the beam as rigid as it possible in the direction perpendicular to the direc-
tion of load applying and pile displacing. The distance between those two main
beams is achieved by placing two box elements made of UNP 100 steel ele-
ments. The purpose of this elements is not only to make the distance between
beams but as well to transfer load from "V" shaped load frame. The "V" shaped
load frame is also made of double UNP 100 steel elements, and strengthen
along its length with steel plates to avoid buckling of an element.

Special joint connections were made, to ensure connection between piles and
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the frame using pinned connections. Piles are connected to the loading frame
with steel rings, 250 mm in the inner diameter, wall thickness 10 mm and length
of 100 mm.

Most of the connection elements were planned and constructed as flexible con-
nection to enable simple handling. Analyses and calculation for loading frame
elements are presented in Appendix B.

5.7 Testing procedures

LLP field testing consists of five separate tests: (i) laterally loaded single pile
test with monotonic displacement, (i) laterally loaded single pile test with cyclic
displacement (pile is loaded monotonically to some displacement and then un-
load until the force on the hydraulic press are equal to zero), (iii) laterally loaded
group of 2 by 1 piles test with monotonic displacement, (iv) laterally loaded
group of 2 by 3 piles test with monotonic displacement. The position of con-
structed piles and inclinometer casings is shown in Figure 5.13, where each
pile with inclinometer casing has its label.

Piles are displaced by applying of a load from the hydraulic press to the "V"
shaped loading frame and then further to steel beams whose function is to pull



Chapter 5. Experimental Programme 83

= Hydraulic press
applicator

FIGURE 5.14: Prepared equipment for lateral load testing

the piles away from the concrete block as it marked with arrows on Figure 5.1.
Installation of testing equipment on the field, with frame, hydraulic press and
hydraulic applicator are presented on Figure 5.14 and 5.15, respectively.

The pressure in hydraulic press is formed by pumping in the fluid from hydraulic
applicator, causing displacement of the loading frame and thus move the pile.
Wire extensometer installed on counterweight block is connected to the pile
head making it possible to ensure the measurement of pile head displacement.
Loading of single piles and group of piles is performed with pile head displace-
ment increment of 2 mm. The difference was only in test (ii), where the single
pile is tested with cyclic displacements.



Chapter 5. Experimental Programme 84

FIGURE 5.15: Position of hydraulic press and applicator during the pile testing



Chapter 6
Field test results

Results from the LLP field testing are presented and discussed in this section.
Head displacement of piles are measured with the wire extensometer during
testing, while its deflection is measured with inclinometer probe which is placed
in pile installed aluminium casing as it described in Chapter 5.

Deflection of soil-pile system can be expressed using Rayleigh-Ritz method that
satisfies 3.1 which in turns gives function of pile deflection by Fourier series as:

y(z) = i B; (1cos Nrz) (6.1)

i=1

2-1 and z is the depth.

where B are soil-pile system coefficients, N =

Coefficients B can be obtained using the procedure defined in Appendix A,
with equations (A.16) and (A.17). Differentiating the equation (6.1) with re-
spect to the depth z, function of rotation (=) (equation (6.2)), bending moment
M (z),(equation (6.3)), shear force V' (z), (equation (6.4)), and soil reaction p(z),
(equation (6.5)), can be obtained.

85
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0(z) = =~ (6.2)
M(z) = Eldilyz(;) (6.3)
Vis) = 64)
pe) =0 65)

Since Fourier series function can cause ill-posed condition after differentiation,
the Cesaro sum technique can be used to overcome that issue [86].

The Cesaro summation technique is a mathematical method that is assigning
a sum to an infinite series. If a series of data converges to ) A, then it is
also sumable using the Ceséaro sum technique, and has the Cesaro > A. The
biggest advantage of this technique is that a series that does not converge may
still be well defined using Cesaro sum-technique [87].

Using the defined Cesaro sum’s from equations (A.7) to (A.11) and applying
them to the equations (6.2), (6.3), (6.4) and (6.5), where partial sum is defined
as a, = B, (1 —cosNnz), the equations can be expressed with the Ceséaro
sum coefficients (C, k) as defined in Appendix A with equations (A.22), (A.23),
(A.24), (A.25) and (A.26) for displacements, rotations, bending moments, shear
forces and soil reactions, respectively.

6.1 Monotonically loaded single pile

Single pile was laterally loaded with a monotonic increment of pile head dis-
placement. Defined displacement was 2 mm for each loading step. There was
no unloading and reloading procedure. The pile was loaded until the force was
brought to the ultimate load force for the soil-pile system. Load displacement
curve for this test is plotted in the Figure 6.1.
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6.1.1 Displacements and deflection

Displacements of a laterally loaded single pile with monotonic load are pre-
sented on Figure 6.2. Figure 6.2 a) presents pile deflection for a small pile head
displacements, while Figure 6.2 b) shows deflection of a single laterally loaded
pile for large pile head displacements.

If the Cesaro sum is applied as it described in Appendix A, for (C, 1) (equation
(A.22)), approximation of measured data for monotonically loaded single pile
can be defined. These approximations are presented in Figure 6.3.

6.1.2 Bending curves

Bending curves are calculated from pile deflection using the Cesaro sum tech-
nique. The approximation of bending moment is based on the equation (A.24),
see Appendix A. Figure 6.4 presents bending curves for monotonically loaded
single pile.
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FIGURE 6.2: Deflection of a monotonically loaded single pile: a) Small head
displacements and b) Large head displacements

6.1.3 Soil resistance

To determine approximate soil resistance of a monotonically loaded single pile,
the Cesaro sum based on the equation (A.26) is used. Using equation (A.26)
p-y curves for monotonically loaded single pile are calculated and plotted on
Figure 6.5. Plotted curves are defined for depths of 0.5m, 1m and 1.5m.
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6.2 Cyclicly loaded single pile

Test is conducted on a single pile laterally loaded with a monotonic loading.
Force increment was 2mm until pile head displacement of 24mm after which
force was reduced to zero, gradually. Pile head displacements during the reduc-
tion of the force wasn’t measured. The deformation of a pile after unloading was
5.2mm which gives a valuable information about plastification of soil-structure
system.

Pile was then loaded again until the ultimate load of system. The load deforma-
tion curve is shown on Figure 6.6. It is worth mentioning, that after unloading of
as pile, the left over deformation was 15.2mm.
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FIGURE 6.6: Pile head displacement vs lateral force for single pile cyclicly
loaded (2 cycles)

6.2.1 Displacements and deflection

Using the inclinometer probe, as it mentioned in Chapter 5, deflections of a
loaded pile were measured. On Figure 6.7, the deflection of a single pile un-
der cyclic loading is presented, derived from inclinometer probe. Applying the
Cesaro sum technique as it defined in Appendix A, for (C, 1) (equation (A.22)),
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approximation of measured data can be defined, and they are presented on
Figure 6.8.
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FIGURE 6.7: Deflection of a cyclicly loaded single pile: a) Small head displace-
ments and b) Large head displacements

6.2.2 Bending curves
Bending curves are determinated using the Cesaro sum technique based on

the equation (A.24). On Figure 6.9, bending curves are presented for cyclicly
loaded single pile.

6.2.3 Soil resistance

Using the Cesaro sum technique based on the equation (A.26), p-y curves for
cyclicly loaded single pile are plotted and presented on Figure 6.10. Plotted
curves are for pile depths of 0.5 m, 1 mand 1.5 m.
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6.3 Monotonically loaded two piles in line

A group of two piles in line are tested using monotonic loading. Piles were
connected with special joint connections, which enable possibility of pile head
rotation. Displacement increment was 2 mm. Displacement was incremented
until force on a press stood still, which corresponded to a lateral displacement
of 50 mm. The ultimate load was divided by the number of piles. Lateral dis-
placements versus average loads per pile are plotted on Figure 6.11. Group of
piles was then unloaded until force was equal to zero. Displacement of a group
of piles after unloading was 23 mm.
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FIGURE 6.11: Pile head displacement vs lateral force for two piles in line

6.3.1 Displacements and deflection

As it stated before, pile deflection was measured using inclinometer probe. On
Figure 6.12, deflection of Pile 3 (Figure 6.12 a)) and Pile 4 (Figure 6.12 b))
are plotted. If Cesaro sum technique (Appendix A, equation equation (A.22))
is applied to a measured data, then the displacement approximation can be
derived. Approximation of displacements of Pile 3 are plotted on Figure 6.13 a)
while displacements of Pile 4 are plotted on Figure 6.13 b)
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6.3.2 Bending curves

Bending curves are defined, as before, using the Cesaro sum based on the
equation (A.24). Figure 6.14 a) shows bending curves of a Pile 3, while on
Figure 6.14 b) are presented bending curves for Pile 4.
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FIGURE 6.14: Approximation of bending curves: a) Bending curves of the Pile
3 and b) Bending curves of the Pile 4

6.3.3 Soil resistance

For determination of soil resistance, the equation (A.26) of Cesaro sum tech-
nique is used. The p-y curves for Piles 3 and 4 are plotted on Figures 6.15 and
6.16, respectively.
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6.4 Monotonically loaded group of 2 by 3 piles

Group of six piles (2 rows and 3 columns in load direction; Figure 5.1) are
tested with applying monotonic load. Piles were connected to loading frame
with special type of joint connections allowing the pile heads to rotate freely.
Displacement increments of loading were small, and varied from 0.5 - 1.0 mm
per step. Testing was discontinued due to overload of steel structure. Probably
this is the main reason why there is a non-linear shape of load displacement
curve presented on Figure 6.17. In the following subsection (Figure 6.18) it can
be observed that the piles have not experienced significant displacements that
would produce breaking of piles.
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FIGURE 6.17: Pile head displacement vs lateral force for the group of 6 piles

6.4.1 Displacements and deflection

As it is stated before, piles deflections were measured using the inclinometer
probe. In Figure 6.18, deflections of a Pile 5 (6.18 a)), Pile 6 (6.18 b)), Pile 7
(6.18 c)) and Pile 8 (6.18 d)) are presented. If Cesaro sum technique (Appendix
A, equation equation (A.22))is applied to measured data, then the displacement
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approximation can be plotted. Approximation of displacements of Piles 5, 6, 7
and 8 are presented on Figures 6.19 a), 6.19 b), 6.19 ¢) and 6.19 d) respectively.

6.4.2 Bending curves

Bending curves are defined, as before, using the Cesaro sum technique based
on the equation (A.24). Bending curves of Piles 5, 6, 7 and 8 are presented on
Figures 6.20 a), 6.20 b), 6.20 c) and 6.20 d) respectively.

6.4.3 Soil resistance

For determination of soil resistance, equation A.26 of Cesaro sum technique is
used. Using the equation, the p-y curves for Pile 5, 6, 7 and 8 are plotted in
Figures 6.21, 6.22, 6.23 and 6.24, respectively.
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6.5 Presentation of measured results

6.5.1 Behaviour of group of piles in comparison to single
pile behaviour

Within this section, the presentation of performed test results will be presented.
Firstly, the ultimate force read out on the hydraulic press during the pile testing
will be compared to the analytical expression of ultimate force proposed by Patra
et al. [20], (2.2). In Table 6.1, the soil parameters for calculating ultimate force
are given. Patra et al. [20] also gave an expression for ultimate force for the
two piles in line. Ultimate force for this combination of piles loading is defined in
equation (6.6).

Quy =7 L* (K, S+0.36d - K,) (6.6)

TABLE 6.1: Soil parameters for calculating the ultimate force based on Patra’s
equation [20]

Force [kN]
Unit Friction E_sall Single pile | Group of
weight angle [o] [M Pa] two piles
[kN/m?] in one row
19 40 120 69.38 108.12

Comparing the calculated and measured results, it was concluded that expres-
sions given by Patra et al. [20] show very good approximation of ultimate lateral
force per pile with lateral forces obtained from measured results. Relations soil
resistance vs. displacement for Pile 2, Pile 3 and Pile 4, plotted on Figures
6.5, 6.15 and 6.16 respectively are approximated assuming the hyperbolic type
of function, given with equation (6.7), that the best fits measured results. Us-
ing the non-linear regression technique [88] and the Mathematica software as
a tool to perform non-linear regression [89], coefficients of hyperbolic functions
are determined and defined in Table 6.2.
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KR-wW

f(WZm

(6.7)
The same procedure is used for approximation of soil resistance for Pile 5,
Pile 6, Pile 7 and Pile 8 and soil resistance data is presented on Figures 6.21,
6.22,6.23 and 6.24, respectively. Values of coefficients of hyperbolic equation
(6.7) are presented in Table 6.2.

On Figure 6.25 the soil resistance curves are presented. The curve referenced
as a Pile 2 represents a single pile test results. Pile 3 is the pile closest to the
concrete block (trailing pile), and Pile 4 is the outer (leading pile) pile of 2 by 1
group of pile. Piles are labelled on Figure 5.13. From the Figure 6.25, it can
be easily depicted how the "shadowing" effect influences on the behaviour of
piles in group in comparison to the single pile test results. On Figure 6.28, so
called "p-multiplier" factors are presented. The "p-multiplier" factor represents
the relation of ultimate soil resistance of a pile inside the group of piles referred
to the ultimate soil resistance of a single pile. Using the "p-multiplier", the shape
of p-y curves for other pile depths can be recalculated if the trend of multiplier
factor is known.
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Chapter 7

Back analysis of LLP behaviour
using FEM

According to Cividini et al. [90], there are two different ways to conduct back
analyses: the inverse approach and the direct approach. For the inverse ap-
proach, the formulation is the reverse of that in ordinary stress analyses, even
though the governing equations are identical. According to this approach, the
number of measured values should be greater than the number of unknown pa-
rameters. The direct approach to back analysis is based on an iterative proce-
dure of correcting the trial values of unknown parameters by minimizing the error
function. Gioda and Maier [91] pointed out that an advantage of direct approach
methods is that they may be applied to non-linear back analysis problems with-
out having to rely on a complex mathematical background. Cividini et al. [90]
stated that standard algorithms of mathematical programming might be adopted
for numerical solutions. lterative solutions require quite time-consuming com-
putations.

Performed LLP testing results are analysed using LLP modelling. Two types of
numerical analyses are performed: (i) analysis of laterally loaded pile using the
four-field interpolation element discussed in Chapter 3, Subsection 3.3.3 and
(77) analysis of laterally loaded piles using three-dimensional finite element soft-
ware for geotechnical analysis, RS3. In the first type of analysis, pile is modelled
as a shear-rigid Timoshenko beam with two nodes (the third node is condensed
out during the finite element formulation) resting on a Winkler’s soil model. Two
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FIGURE 7.1: Sketch of absolute energy convergence process [64]

examples are presented: (i) example in which both pile and soil have linear
constitutive behaviour and (ii) example in which pile has linear constitutive be-
haviour while soil has non-linear (hyperelastic) behavior. In the second type of
analysis, pile is modelled using solid finite elements (2-dimensional elements).
Elastic (Young’s) modulus for solid element is calculated from the relation of
stiffness of constructed pile and modelled pile [92]. The idea is to calculate the
axial (E,,A,) and flexural stiffness (E,,I,,) of a model from the real axial (F, A,)
and flexural stiffness (E.1,), by equalizing them, as it proposed by Arta [92].
Soil is also modelled as a solid material. Three-dimensional finite element anal-
ysis was performed using the Rocscience’s RS3 (Rock and Soil 3-dimensional
modelling) computer software [93]. Piles and soil are modelled using four node
tetrahedron finite elements. Automatic mesh generator was used to generate
nodes and elements. Number of nodes and elements are depending on mod-
elled problem for a single pile; and for a group of 2-by-1 piles and group of
2-by-3 piles.

Number of iterations were limited to 1000 while load steps were calculated au-
tomatically, depending on chosen absolute energy type of convergence. The
absolute energy convergence process is presented on Figure 7.1, while the
general behaviour is given by equation (7.1).

< €tol (71 )

AUg(Pn_FO)
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7.1 Numerical analysis using four-field finite ele-

ment

The results presented here are based on the analysis of laterally loaded piles
on shear-rigid Timoshenko beam resting on Winkler’'s soil model defined by
equation (3.42). Pile is modelled using ten elements, each 0.5 m long and
eleven nodes. Modulus of subgrade reaction is calculated using the function
presented in section 4.5. Different values of the modulus of subgrade reaction
are used for depths of 0 to 1 m and for 1 to 5 m. Forces used in calculations are
taken from LLP field test performed on a single pile. Three load increments are
compared, although the measured data indicate that the soil and the pile are
behaving nonlinearly even for small lateral increments. Results of performed

analysis are presented the Figure 7.2.

Presented four-field interpolation of a beam-soil element is compared to the
field test results of laterally loaded pile in sandy gravels. Using the Cesaro sum
technique [57, 86, 87], the p-y curves are developed for various pile depth. The
values of p-y data are in good correlation to hyperbolic curve type. In that man-
ner, the hyperbolic type of constitutive behaviour of Winkler’'s soil model such
as one given by equation (6.7) is chosen to describe the soil behaviour in nu-
merical model. For the purpose of pile modelling, the pile is divided in 10 finite
elements, each element having the length of 0.5m . Different hyperbolic func-
tion coefficient is assigned to an element according to the element position in
modelled pile. The chosen hyperbolic function coefficients are presented in Ta-
ble 7.1. On the Figure 7.3, the deflection of laterally loaded pile for lateral force
of 30kN, 46k N, 53k N and 61k N are plotted with the approximation of the same
deflection obtained from analysis using the four-field mixed finite elements.

TABLE 7.1: Hyperbolic function parameters for non-linear Winkler’s soil model

Depth [m] | & p ¢
0-0.5 |3 0.000303 | 0.01
0.5-1 |3 0.0000971 | 0.005

1.0-15 | 3| 0.0001 0.002
1.5-2.0 | 3| 0.00001 0.001
2.0-5.0 | 3| 0.00001 | 0.0005
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FIGURE 7.2: Measured and computed Pile 2 displacements for lateral forces:
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FIGURE 7.3: Measured and computed pile displacements of: a) lower value
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7.2 Numerical analysis using RS3 software

As it is mentioned in introduction of this Chapter, the three dimensional analyses
of laterally loaded piles are performed using Rocscience RS3 [93], finite element
software for geotechnical analysis. For each analysed model, the finite element
mesh was generated automatically.

7.2.1 Monotonically loaded single pile

Three-dimensional model of a laterally loaded single pile is presented on Figure
7.4. Automatic mesh generator was used to generate 2552 nodes and 9229
elements on a domain dimensions a =10 m, b = 10 m and z = 20 m. Figure
7.5 presents the model with generated mesh. As it is mentioned before, the
pile was modelled using solid elements and loaded by applying the prescribed
displacement. Increments of loading displacements were the same as at the
field test: 2 mm of head displacement per step, as it defined in Section 5.7.
Two different soil flow law were done: adopted associated and non-associated
flow law. Pile was modelled using non-associated flow law. The results of the
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numerical analysis conducted for laterally loaded single pile are presented on
Figures 7.6 and 7.7.

Acting force
" —

FIGURE 7.4: Geometry of a 3D model of single pile

Acting force
wr

FIGURE 7.5: Generated FE mesh of a 3D model of single pile with 2552 nodes
and 9229 elements

From the comparison of the computed and measured results, it is concluded
that the dilatancy does not have so much influence as it considered before the
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FIGURE 7.6: Presentation of measured and computed pile displacements for
pile head displacement of 2mm, 4mm, 6mm and 8mm for Pile 2
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FIGURE 7.7: Measured and computed pile displacements for pile head dis-
placement of 20mm, 30mm, 40mm and 50mm for Pile 2
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modelling. Main reason for that could be the fact that the stresses in soil pro-
duced by the pile movements are too small to trigger the dilative behaviour of
present sand-gravel mixture of soil.
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7.2.2 Monotonically loaded two piles in line

The same procedure of modelling was used, as it is discussed in previous Sub-
section 7.2.1, for two pile in line. Three-dimensional model is presented on
Figure 7.8. Automatic mesh generator was used to generate model with 2935
nodes and 11161 elements. Dimensions of the domain are the same like in
previous analysis: a =10 m, b =10 m and z = 20 m. Generated mesh for two
piles in line model is presented on Figure 7.9. Piles were loaded by applying the
prescribed displacement in the same way as they were loaded during the field
testing. The results of the numerical analysis of a two piles in line presented on
Figures 7.10 and 7.11 for Pile 3, and Figures 7.12 and 7.13 for Pile 4.

FIGURE 7.8: Geometry of a 3D model for group of 2 by 1 piles

From the comparison of the computed and measured results, it is concluded
that the dilatancy does not have so much influence either in this example as it
considered before the modelling. Main reason for that could be in the fact that
the stresses in soil produced by the piles movement are also too small to trigger
the dilative behaviour of present sand-gravel mixture of soil.
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FIGURE 7.9: Generated FE mesh of a 3D model for group of 2 by 1 piles with
2935 nodes and 11161 elements
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FIGURE 7.10: Measured and computed pile displacements for pile head dis-
placement of 2mm, 4mm, 6mm and 8mm for Pile 3
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FIGURE 7.11: Measured and computed pile displacements for pile head dis-

placement of 20mm, 30mm, 40mm and 50mm for Pile 3
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FIGURE 7.12: Measured and computed pile displacements for pile head dis-
placement of 2mm, 4mm, 6mm and 8mm for Pile 4
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FIGURE 7.13: Measured and computed pile displacements for pile head dis-
placement of 20mm, 30mm, 40mm and 50mm for Pile 4
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7.2.3 Monotonically loaded group of 2 by 3 piles

Three dimensional model of group of 2 by 3 piles is presented in Figure 7.14.
Same modelling procedure was used as it is discussed in previous sections.
Automatic mesh generator, generated 5349 nodes and 23209 elements. Di-
mension of domain is the same as it is in previous examples: domain dimen-
sions are: a=10m, b =10 m and z = 20 m. Finite element mesh is presented
with Figure 7.15. Piles were loaded with prescribed displacement, as they were
loaded during the field test. Two kind of soil flow laws were used here as well:
the one with associated and the non-associated flow laws. Pile was modelled
using non-associated flow law. The results of numerical analyses are presented
on Figures 7.16, 7.17, 7.18 and 7.19 for Piles 5, 6, 7 and 8, respectively.

FIGURE 7.15: Generated FE mesh of a 3D model for group of 2 by 3 piles with
5349 nodes and 23209 elements
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FIGURE 7.16: Measured and computed pile displacements for pile head dis-
placement of 1mm, 3mm, 5mm and 7mm for Pile 5
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FIGURE 7.17: Measured and computed pile displacements for pile head dis-
placement of 1mm, 3mm, 5mm and 7mm for Pile 6
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FIGURE 7.18: Measured and computed pile displacements for pile head dis-
placement of 1mm, 3mm, 5mm and 7mm for Pile 7
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FIGURE 7.19: Measured and computed pile displacements for pile head dis-
placement of 1mm, 3mm, 5mm and 7mm for Pile 8
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From the comparison of the modelled and measured results of group of 2 by
3 piles, it is concluded that the dilatancy also does not have so much influ-
ence.The stresses in soil produced by the piles movement are also too small to
trigger the dilative behaviour of present sand-gravel mixture of soil.

Though the displacements of piles in tests are small they are still large enough
to produce the displacement of inclinometer casings installed outside of piles
as presented on Figure 5.13. Displacements of inclinometer casings in front
of leading piles were in order of 3 mm, while the inclinometer casings behind
trailing piles have displacements of maximum 2 mm. Since the piles had de-
fined direction of loading displacements, displacements along the side of group
of piles have not been measured. Thus, the full 3D effect of group of piles
behaviour cannot be fully displayed but it does have to exist due to measured
displacements behind and in front of the group of piles.






Chapter 8

Conclusions

8.1 Summary

In geotechnical engineering, piles are one of the possibilities to be used for
deep foundation when soil layer with low bearing capacity and high deforma-
bility needs to be "bridged". Although their main issue is to withstand vertical
forces and capacity, piles very often have to be calculated for lateral capac-
ity where the dominant loading is horizontal. One type of horizontal excitation
is earthquake, while another can be water wave. Piles can also be used for
landslide stabilization where the weight of a sliding mass acts as a horizontal
load. There are many studies regarding laterally loaded piles in cohesionless
or cohesive soils, usually described simply as sand and clay, as the two most
representative types of cohesionless and cohesive soil.

Behavior of LLP in non-cohesive gravely soil material was analysed only in few
studies with absence of physical field testing results, and this was the main mo-
tivation for this research. There are only some studies which are dealing with
LLP in gravel fill, between pile connection plate and surrounding soil, while the
piles itself were embedded in sand or clay. These studies are not considered
in this Thesis. In-field tested LLP were completely embedded in natural sandy
gravels with pinned head connection (with no bending moment in pile head).

Piles were made of reinforced concrete with aluminium inclinometer casing in-

stalled through the axis of a pile. Length of piles is 5m and piles diameter is
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0.25m, giving them slenderness ratio of 20 which makes them slender, or flex-
ible, or so called long piles. The length of pile is governing the mechanism
of ultimate lateral force. Piles were reinforced with longitudinal and spiral rein-
forcement. Axial distance between piles in a group are three diameters and it
was chosen based on results from [8, 10, 11, 29, 30, 31, 32, 33, 35, ect.].
Totally of ten piles are tested in following combination:

e Single pile laterally loaded by applying the controlled displacement,

e Single pile laterally loaded by applying of the controlled displacement, un-
loaded and reloaded by applying the controlled displacement again,

e Group of 2 by 1 group of piles laterally loaded by applying the controlled
displacement,

e Group of 2 by 3 group of piles laterally loaded by applying the controlled
displacement.

Installed piles were loaded using a displacement control test by steel frame de-
signed and constructed for this field testing. Displacement of piles via steel
frame were applied by increasing of the lateral force using hydraulic press with
700bar capacity.

During the pile loading, the deflection of pile was measured using inclinome-

ter probe by inserting inclinometer through the inclinometer casing. There was
eight inclinometer casings installed in piles and six inclinometer casings were
installed in surrounded soil.

From the results of previous studies it can be concluded that the cohesion-

less material behaviour is greatly affected by the density of the material. If the
material is dense and then exposed to shearing, dilatancy can take place as
a consequence of volume change, due to soil particle rearrangement. It has
been proven that dilatancy has an influence on laterally loaded pile behaviour
but, unfortunately, this was proven only numerically. Presented research had an
idea to identify dilatancy in gravels behaviour caused by lateral load of piles.

After LLP field testing, the dilatancy behaviour of sandy gravels was analysed in

order to obtain bending moment and soil resistance diagrams based on testing
results, using the Cesaro summation technique. When the soil resistance and
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displacements are known, the p-y curves for each laterally loaded pile can be
calculated and then is possible to compare the results obtained for the single
pile and group of piles and identify influence of group of pile-soil interaction.

8.2 Results

From the obtained field tests results and their analysis, the following conclusions
regarding behaviour of LLP in natural sandy gravel are made:

e The critical depth for the highest soil resistance in natural sandy gravels is
at the depth from 2 to 3 pile diameters,

e The ultimate lateral force for the laterally loaded single pile and group
of two piles in line are in good correlation with Patra’s equations [20] for
determinating ultimate lateral force applied on piles,

e The Cesaro technique provides very good approximation of deflections,
bending curves and soil resistance curves for LLP if the slenderness ratio
is larger than 10,

e Behaviour of LLP of natural sandy gravels, probably because high content
of sand (50%) in soil material, is very similar to the behaviour of piles
embedded in sand,

e The dilatancy behaviour in natural sandy gravels does not present very
much influence on the soil—pile interaction as it stated in hypothesis. It is
caused by high content of sand (50%) in soil material and relatively small
values of displacements.

e LLP in natural sandy gravels with approximately equal proportion of sand
and gravel are behaving like piles in sand but with higher ultimate soil
resistance caused by larger friction angle of the material.

8.3 Further research

Based on the performed test results, and experience gained during the testing,
some advices for further research are proposed:



Chapter 8. Discussion and conclusion 140

e Various mixtures of sand and gravel should be chosen to test embedded
laterally loaded piles. For example, 100% of sand and 0% of gravel, 70%
of sand and 30% of gravel, 30% of sand and 70% of gravel, 0% of sand
and 100% of gravel. It is expected that with rising of gravel content in the
mixture, the dilatancy behaviour should be more expressed.

¢ Triaxial test of sand and gravel mixture should be performed on the basis
of soil loading condition (lateral compression) to see dilatancy behaviour
and influence related to the grain size composition and gravel content.

e Based on in-field testing and laboratory results the p-y curves for men-
tioned mixtures of gravel and sand would be developed. It is expected
that the dilatancy behaviour should have significant impact on the shape
of the p-y curves of LLP.
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Appendix A

The Cesaro Sum-Technique

The Cesaro summation, named after the Italian analyst Ernesto Cesaro (1859-
1906), is a mathematical method that is assigning a sum to an infinite series.
If a series of data converges to > A, then it is also sumable using the Cesaro
sum technique, and has the Cesaro > A. The most important advantage of this
technique is that a series that does not converge may still be well defined using
Cesaro sum-technique [87].

The general Ceséro sum is defined as:

k k+r—1 k+r—2 r r—1
C C .+ C 1+ C;
sk,:c(k,r){E an}z L)
n=0 r

where C* = k! /(r! (k — r)!) and the partial sum s;, = Zﬁ:o Q-

For computational convenience, the s, terms are changed to a, and can be
change to conventional Cesaro sum as it shown in equation A.2.

k

k
_ 1
S, = C(k, 1) {Zan} =St *k :15’“ L Sk _ > (k—n+la, (A2)
n=0

n=0

In the equation A.3 to A.6, the Cesaro sum is shown for » equals to 2, 3, 4 and
5.

143



Appendix A. Cesaro Sum-Technique 144

k k
Sk:C(k:,2){Zan}z( k+22 —n+1)(k—n+2a, (A3)

n=0

F CSF k=n+D)(k—n+2)(k—n+3)a,
S = CO(k.3) {Z“”} = e+ )(k+2)(k +3) (A4)

_ : Sk ok —n+1)(k—n+2)(k —n+3)(k—n+4)a,
Skc(k’4){za"} (k+ 1)k +2)(k+3)(k + 4)
(A.5)

k k
B > ok=n+1)(k—n+2)(k—n+3)(k—n+4)(k—n+5)a,
Sk_c(’“’5){za”} - k+D(k+2)(k+3)(k+4)(k+5)

n=0

(A.6)

From the engineering purposes it is easier to start with the n = 1 as a starting
point of the sum, and a, term can be left out from the sum resulting the Ceséaro
sum reduction. Reduced expressions are presented with equations A.7 to A.11.

S, =C {Zan}: > (k=n+1a, (A.7)

n=1

k k
Sy = C(k,2) {Zan} = k(k1+ 0 Z(l{: —n+1)(k—n+2)a, (A.8)

F S k=n+D)(k—n+2)(k—n+3)a,
Sy = C(k,3) {Zan} = DT D) (A.9)
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B k S k=n+D)k=n+2)(k—n+3)(k—n+4a,
Sk_c(k’4){za"} - k(k+ 1)(k +2)(k + 3)

n=1

(A.10)

k(k+1)(k+2)(k+3)(k+4)
(A.11)

5 = Ok, 5) {Zk:an} Y k=t )k —n+2)(k—n+3)(k—n+4)(k—n+5)ay

Having defined Cesaro’s sums, general form of the pile deflection expressed
through the Fourier’s series can be defined as (according to [86]):

y(z) = ZBZ» [1— cos N7z] (A.12)

=1

where B; coefficients of the soil-pile system, z is the depth, N = % and L is
the length of pile. Equation (A.12) can be rewritten in scalar product as:

where A is the matrix of Fourier’s coefficients presented with equation (A.14)
and B is the vector of soil-pile coefficients.

[1 — COoS Nnﬂzl] e [1 — COSNgﬂ'Zl] [1 — COS Nﬂzl}

[1 — COS.NHWZQ] e [1 — cos.Nngg] [1 — COS-NIWZQ] (A14)

[1 — cos anzn] e [1 — oS Nﬂzn] [1 — coleﬁzn}
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According to Lin et al. [86], least-square rule is applied to the equation (A.13)
using the following procedure:

e Obtain square summation error, S

S=(AB-y,) (AB-Y,), (A.15)
¢ Vector B is obtained by minimising the equation (A.15) according to B

oS .1 T B
5§_2ﬁf¥B 2AT .y, =0 (A.16)
¢

Solving the system of equation defined with equation (A.16), coefficients of soil-
pile system of vector B can be calculated using the measured values of dis-
placements y,, as:

B=1"¢ (A.17)

If the deflection of pile is known, then the bending moment M, shear force V'
and soil reaction p can be easily calculated by differentiating the pile deflection
with depth, as it presented using equations (A.18) to (A.21), according to [86]:

0(2) = dgl(;) (A.18)
M(z) = EIdeyZ(ZZ) (A.19)
V(z) = % (A.20)

pe) = (A21)

where 6(z) is the function of rotation along the pile, M (z) is the function of
bending moment along the pile, V (z) is the function of shear force along the
pile, p(z) is the function of soil resistance along the pile and EI is the bending
stiffness of a pile.

Since Fourier series function can cause ill-posed condition after differentiation
[86], the Cesaro sum technique can be used to overcome that issue. Using the
defined Ceséaro sum’s presented by equations (A.7) to (A.11) and applying them
to the equations (A.18), (A.19), (A.20) and (A.21), where a,, = B,, (1 — cos N7z),
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those equations can be expressed with the Cesaro sum coefficients as:

k
% Z -n+1)B 1 — COS Nwz) (A.22)
k

0(z) = k‘(k‘:— 0 Z(k: —n+1)(k—n+2) B,Nr (sin N7z) (A.23)

k
M(z) = (k—n+1)(k— n+2)(k—n+3)E[-BnN27r2 cos Nz

k(k + k+2 ) =
(A.24)

k
V(Z):k(k+1)(k+2 k+3) D (k=n+ Dk —n+2(k—n+3)k A2)
—n+4)EIl-B, N (— sinﬁﬂz)
k

p(z) = ! Y (k—n+1)(k—n+2)(k—n (A26)

Kk + 1) (k + 2)(k + 3)(k + 4) &=
+3)(k—n+4)(k—n+5)El-B, N 7" (—cos Nrz)






Appendix B

Loading Frame Joint Connections
and Elements Calculation

Steel loading frame (Figure B.1) consists of multiple steel elements and the
most important elements are referenced as Element 4 and Element 5. Those
two elements should have to withstand the biggest force on the loading frame
which is calculated to be 85 kN. The internal forces and cross-section dimen-
sions of the elements were calculated based on Eurocode3 norm for steel con-
structions [94]. Steel characteristic has been taken as the same through the
whole calculation, as well as for connection bolts. All necessary characteristics
are summarised in table B.1. The following calculations have been performed,
for each element in the loading frame:

e Calculation of a bolt on shear,
e Calculation of steel section against the pressure on the hole boundary,

e Calculation of a bolt on tension,

e Calculation of welds.

B.1 Calculation of the Element 4

Calculation of Element 4 consists of bolt control on shear resistance, bolt con-
trol on tension resistance and weld resistance. Isometric view of Element 4 is
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TABLE B.1: Parameters needed for joint computations

Parameter | Value Parameter | Value
Bolt grade 5.6 d 22mm
c1 0.6 do 24mm
Jub 500MPa a 0.569

fu 360MPa B 0.8
AP 303mm? t 8mm
AU® 70.7mm? Qly 3mm

UNP 100

HEB 100 + UNP 100
’ O UNP 100
2
UElementS
E ) © UNP 100

=
._//
\\Elementt"

UNP 100

FIGURE B.1: Isometric view on steel loading frame

presented in Figure B.2(a) while the left side view is presented on Figure B.2(b).
Maximum effective force that the connection has to withstand is Fry; = 85kN.

B.1.1 Control of the pressure on the hole boundaries

e Characteristic resistance force on hole boundary

F57?£:2.5a-fu-d-t: (B.1)
=2.5-0.569 - 360 - 22 - 14
= 157.727TkN
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\@ 250
/@270

270.0 | ‘

290.0

(a) Isometric view of Element 4 (b) Top and left-side view of Element 4

FIGURE B.2: View of Element 4

¢ Resistance force per one hole

(22)
o = 11”2R5d — 126.18kN (B.4)

e Sum resistance force per number of hole pressure
) =1 F% = 126.18kN (B.5)

Sum resistance force of 22 mm diameter hole has grater resistance than the

effect load (Fipq < %) .1)-

B.1.2 Control of the resistance of welded part

e Characteristic force of welded part

Fyri = \/?5 ca - L (B.6)
360

= -3-100 B.7

V3-0.8 (B-7)

= 77.94kN (B.8)
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e Resistance force of a weld

Fy
Fupa =~ ’;g’“ = 62.35kN (B.9)

e Sum resistance force per number of welded lines

Forduk =2 Fuypg = 124.TkN (B.10)

Sum resistance force per number of welded lines is grater than the effect load

(FEd < Fw,RCLuk)-

B.2 Control of the Element 5

Calculation for Element 5 consists of bolt control on shear resistance, bolt con-
trol on tension resistance and weld resistance as it follows. Isometric view on
Element 5 is presented in Figure B.3(a) while left side view is presented on
Figure B.3(b).

8.0 |1 40.0 |30.0 9.0
250! |
50.0
250 | [
224.0 |
(a) Isometric view of Element 5 (b) Left-side view of Element 5

FIGURE B.3: View on Element 5
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B.2.1 Resistance of a bolt on shear

e Characteristic resistance force of bolt on shear

Fg?;,l =y fup- AP (B.11)
— 0.6 - 500 - 303
— 90.9kN

e Resistance force per one shear plane

(22)

F
FP) _ vBk 09 1ok N B.12
o125 (B.12)

e Sum resistance force per number of shearing plane

F&) =2 F%) = 145.44kN (B.13)

Sum resistance force per number of shearing plane is grater then the effect load

(Fpa < F )

B.2.2 Control of the pressure on the hole boundaries

e Characteristic force

Ff;}g =250 f,-d-t= (B.14)
—25.0.569 - 36022 - 8 (B.15)
_ 90.2kN (B.16)

¢ Resistance force per one hole pressure

(22)
22 b,Rd

e Sum resistance force pre number of hole pressure

22 22
B =2 Fi) = 144.32kN (B.18)
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Sum resistance force per number of hole pressure is grater then the effect load
(Fpa < Fyohun)-

B.2.3 Resistance of bolts on tension force

e Characteristic force of resistance of bolts on tension force

Flp =09 f- A0 (B.19)
= 0.9-500-70.7 (B.20)
= 31.815kN (B.21)

¢ Resistance force per one bolt

(16)
Flm = f;; — 25.452kN (B.22)

e Sum resistance force per number of bolts on which tension force is acting

16 16
Fle =4+ Fl iy = 101.81kN (B.23)

t7

Sum resistance force per number of bolts on which tension force is acting is

grater then the effect load (Frq < F,f?;jl’uk).

B.2.4 Resistance of welded parts

e Characteristic force of welded part

Fope = éT - L (B.24)

360
-7 3.8 B.25
V308 (B.25)

= 63.913kN (B.26)
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e Resistance force of a weld

Fy
Fupa =~ ’21;’“ = 51.13kN (B.27)

e Sum resistance force per number of welded lines

Fo pduk = 2 - Fuppg = 102.26kN (B.28)

Sum resistance force per number of welded lines is grater than the effect load

(FEd < Fw,Rd,uk)-






Appendix C
Seismic refraction

Seismic refraction method is based on the refraction of elastic waves of the
boundary of two layers which velocities satisfy conditions 1V, > 1V, where V; is
the velocity in upper layer media and V4 is the velocity in lower layer media.

Elastic wave is generated on the surface and it starts to spread with the veloc-
ity in the upper layer. The most important wave is the one which strikes the
boundary of layers at some critical angle, which is called angle of total reflec-
tion. According to Huygense’s principle, the wave will come back to the surface
after passing the lower level with velocity V5, where it is registered by the geo-
phones. From the geometry of geophones, ignition points on the surface and
time of first arrival of elastic waves (figure C.1), s-t diagrams are developed,
usually called dromochrones (figure C.2), which are used to establish depths
and space arrangement of elastic discontinuities.

C.1 Field data aquisition

Seismic refraction testing is conducted in the longitudinal profile with the length
L where equally spaced geophones are placed, whose distance is d. Various
number of geophone can be placed (usually 12, 24 or 48) on a 2 to 5m spacing.
Geophones are standing still while the ignition point is movable. Geometrical
arrangement can be depicted from figure C.3.
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Seizmic refraction

lgnition point Feophones
J_*-__ ¥ y, ¥

|
[
- ~
L Ny - -
[ VNN V2
L)

FIGURE C.1: Sketch of seismic refraction [95]
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FIGURE C.2: Seismic refraction of P-waves from 24 geophones [95]
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1
Geophones no. 1
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FIGURE C.3: Geometry of recording arrangement [95]



Appendix C. Seismic refraction 159

Total length of analysed profile, number of testing channels and their distance
is determinate according to the need of researcher, and it is usually determined
by the profile depth and resolution. Usually when the depth is set, the distance
between geophones is acquired.

C.2 Delta(A)-T -V Method

The delta (A)-t-v method is the procedure of inverse modelling proposed by
Gebrande and Miller [96]. It is based on assumption that the velocity is slightly
changed with the change of the depth. The first arrival of waves are sorted
for each common mid point and according to that, influence of readout error
is reduced. Basic assumption of the method is that the gradient of velocity in
each layer is constant [97]. The path od seismic beam on a horizontal distance
A from the source of ignition to the receiver is defined by circular segments in
each layer (figure C.4)

2o NS

2+ B

FIGURE C.4: Multilayered model [95]

For a simple model of horizontal layer showed with figure C.5 with the thickness
h with the point of ignition and the receiver on a surface, and the belonging
beam which path touches the bottom of layer, the following expressions arise
according to Gebrande and Miller [96]:
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Delta (A)

% Ignition point V¥ Reciever

FIGURE C.5: Model of horizontal layer [95]

. —_n2.}h2
AoZvizpb (C.1)

-7

p-7

—_m2 . h2
t = %log (1 v —leb> (C.2)

B=b+y-h (C.3)

where:

e A is the distance between ignition point and geophone (receiver),
e p parameter of a beam,

e ~ gradient of velocity inside layer,

¢ b velocity on the top of the layer,

e (3 velocity at the bottom of layer.

From equations C.1 - C.4 it can be obtained:

A(B) ==/ p? =12 (C.5)

=0
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HB) = %arccos (g) (C.6)

Procedure is iterative and defined as:

e The velocity at the bottom layer (53) is calculated directly from the curves
of the first range,

e The velocity at the top of the layer (b) is calculated fro the equation C.5
and C.6,

e With knowing the A, 5 and b, equation C.7 gives the gradient of velocity
inside layer,

1= AV (©.7)

e The depth of the layer is calculated from equation C.3.

After the parameters of the first layer are established according to mentioned
procedure, for each beam with the distance A grater then the one for upper
layer, distance (A’) and time ¢’ are corrected for the effect of upper layer accord-
ing to Gibson et al. [97]. The parameters of the next layer are calculated with the
new iteration in which corrected values of A’ and ¢’ are taken into consideration.






Appendix D

Multichannel analysis of surface
waves (MASW)

Multichannel Analysis of Surface Waves (MASW) is the seismic geophysics
method developed at the University of Kansas, Kansas Institute of Geological
Survey [98]. It is based on the analysis of surface waves and the fact that
the surface waves are dispersive (the velocity is changed with the change of
frequency). MASW method is used to obtain the layout of transverse waves
with the depth of geological profile.

The procedure of obtaining the velocity od transversal wave from phase velocity
of surface wave is following:

e Recording of surface wave on the field,

e Calculating the curve of dispersion of recorded surface wave,

e Calculating the profile of transversal wave velocity arrangement obtained

from dispersion curve.

Dispersion curve represents the dependance of velocity of surface wave and
wave length frequency. Surface wave is recorded at a specific number of geo-
phones set at the field with the equal distance dz among them. From obtained
seismic record, phase velocities are calculated (C/) for different wave frequen-
cies. The procedure is based on the expression D.1
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g 8

Faarsty Brina [my's]

where:

e (s is the phase velocity for each frequency,
e dz is the distance between geophones,

e Ay is the difference in time when surface wave arrives on neighbour geo-
phones.

The procedure is repeated for every of N frequencies components. The values
of obtained amplitudes are put in the graph where frequency is plotted on the
abscise axis and phase velocity on ordinate. The following procedure results in
a range of pairs of frequencies, f, and phase velocity, C';, of different amplitudes
(figure D.2).

The procedure of inverse modeling is used to obtain the model of change of
velocity of transversal wave from dispersion curve. For every each record, after
calculated dispersion curve and invert modeling procedure, a 1-dimensional
profile of transversal velocity change versus depth is obtained, like this one
presented on Figure D.2.
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FIGURE D.2: 1-dimensional model of transversal wave velocity [95]
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